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Abstract. Let G be a connected compact non-abelian Lie-group and T a 
maximal torus of G. A torus manifold with G-action is denned to be a smooth 
connected closed oriented manifold of dimension 2 dim T with an almost effec- 
tive action of G such that M T ^ 0. We show that if there is a torus manifold M 
with G-action, then the action of a finite covering group of G factors through 
G = n SU(h + 1) x n SO(2k + 1) x n SO(2k) x T'o . The action of G on M 
restricts to an action of G" = H" SU(k + 1) X f] SO(2k + l)x[] U(k) X T'° 
which has the same orbits as the G-action. 

We define invariants of torus manifolds with G-action which determine 
their G'-equivariant diffeomorphism type. We call these invariants admissible 
5-tuples. A simply connected torus manifold with G-action is determined by 
its admissible 5-tuple up to G-equivariant diffeomorphism. Furthermore, we 
prove that all admissible 5-tuples may be realised by torus manifolds with 
G"-action, where G" is a finite covering group of G'. 



1. Introduction 

A 2n-dimensional smooth connected closed oriented manifold M with an almost 
effective action of an n-dimensional torus T is called torus manifold if M T ^ 0. If 
each point of M has an invariant open neighborhood, which is weakly equivariantly 
diffcomorphic to an open subset of the standard action of T on C™, then the orbit 
space M/T is an n-dimensional manifold with corners jTSl p. 720-721]. In this case 
M is said to be quasitoric if M/T is face preserving homeomorphic to a simple 
polytope P. In that case there are strong relations between the topology of M and 
the combinatorics of P [SJ [S] . 

In this article we study torus manifolds, for which the T-action may be extended 
by an action of a connected compact non-abelian Lie-group G. To state our results, 
we introduce a bit more notations, which are used to describe the structure of torus 
manifolds. 

A closed, connected submanifold Mi of codimension two of a torus manifold 
M, which is pointwise fixed by a one dimensional subtorus A(-Mj) of T and which 
contains a T-fixed point, is called characteristic submanifold of M. 

All characteristic submanifolds Mj are orientable and an orientation of Mj de- 
termines a complex structure on the normal bundle iV(Mj, M) of Mj. 

We denote the set of unoriented characteristic submanifolds of M by g". If M is 
quasitoric the characteristic submanifolds of M are given by the preimages of the 
facets of P. In this case we identify g with the set of facets of P. 

Let G be a connected compact non-abelian Lie-group. We call a smooth con- 
nected closed oriented G-manifold M a torus manifold with G-action if G acts 
almost effectively on M, dimM = 2 rank G and M T ^ for a maximal torus T 
of G. That means that M with the action of T is a torus manifold. Because all 
maximal tori of G are conjugated, M together with the action of any other maximal 
torus T 1 is also a torus manifold. Moreover, for all choices of a maximal torus of 
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G, we get up to weakly equivariant diffcomorphism the same torus manifold. The 
G-action on M induces an action of the Weyl-group W(G) of G on J and the T- 
equivariant cohomology of M. Results of Masuda [14] and Davis- Januszkiewicz [6] 
make a comparison of these actions possible. From this comparison we get a de- 
scription of the action on # and the isomorphism type of W(G). Namely there is a 
partition of $ = #q H • ■ ' H t?fc and a finite covering group G = Ylj-i Gj x T l ° of G 
such that each Gj is non-abelian and W(Gj ) acts transitively on $j and trivially 
on ^j, j ^ joj and the orientation of each Mj 6 j ^ jo, is preserved by W(Gj ) 
(see section [2]). 

We call such Gi the elementary factors of G. 

By looking at the orbits of the T-fixed points, we find that we may assume 
without loss of generality that all elementary factors are isomorphic to SU(li + 1), 
SO(2li) or SO(2li + l) (see section^]). If M is quasitoric then all elementary factors 
are isomorphic to SU(k + 1). 

Now assume G = Gi x G2 with G\ = SO(2li) elementary. Then the restriction of 
the action of Gi to U(l\) has the same orbits as the Gi-action (see section [6]). The 
following theorem shows that the classification of simply connected torus manifolds 
with G-action reduces to the classification of torus manifolds with U(h)x G2-action. 

Theorem 1.1 (Theorem l6.3p . Let M,M' be two simply connected torus manifolds 
with G-action, G = G\ x Gi with G\ = SO(2li) elementary. Then M and M' 
are G-equivariantly diffeomorphic if and only if they are U{1\) x Gi-equivariantly 
diffeomorphic. 

By applying a blow up construction along the fixed points of an elementary factor 
of G isomorphic to SU (k + l) or SO(2li + 1), we get a fiber bundle over a complex 
or real projective space with some torus manifold as fiber. 

This construction may be reversed and we call the inverse construction a blow 
down. With this notation we get: 

Theorem 1.2 (Corollaries EH EH El Theorem [?!]) . Let G=G x xG 2 , M a 
torus manifold with G-action such that G\ is elementary and I2 = rankG2- 

• If Gi = SUQi + 1) and #$1 = 2 in the case l\ = 1, then M is the blow 
down of a fiber bundle M over CP l± with fiber some 21^- dimensional torus 
manifold with Gi-action along an invariant submanifold of codimension 
two. Here the G\-action on M covers the standard action of SU(li + 1) on 
CP h . 

• If G\ = SO{2l\ + 1) and = 1 in the case l\ — 1, then M is a blow 
down of a fiber bundle M overRP 211 with fiber some 21^- dimensional torus 
manifold with Gi-action along an invariant submanifold of codimension one 
or a Cartesian product of a 21 1- dimensional sphere and a 2li~ dimensional 
torus manifold with Gi-action. In the first case the G\-action on M covers 
the standard action of SO{2l\ + 1) on RP 2il . In the second case G\ acts 
in the usual way on S 211 . 

If all elementary factors of G are isomorphic to SO (2k + 1) or SU(li + 1), then 
we may iterate this construction. By this iteration we get a complete classification 
of torus manifolds with G-action up to G-equivariant diffcomorphism in terms of 
admissible 5-tuples (Theorem 18. 5p . For general G we have G = Y[SU(k + 1) X 
J] SO{2k + 1) x SO{2l t ) x T l ". We may restrict the action of G to fj SU{k + 1) x 
Y[SO(2li + 1) x I}t/(Zi) x T l °. Therefore we get invariants for torus manifolds 
with G-action from the above classification. With Theorem 11.11 we see that these 
invariants determine the G-equivariant diffcomorphism type of simply connected 
torus manifolds with G-action. 
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At the end we apply our classification to get more explicit results in special cases. 
These are: 

For the special case G2 = {1} we get: 

Corollary 1.3 (Corollary 13 .€>[) . Assume that G is elementary and M a torus 
manifold with G-action. Then M is equivariantly diffeomorphic to S 21 or CP 1 
ifG= SO(2l + 1), SO (21) or G = SU(l + 1), respectively. 

We recover certain results of Kuroki [13l [TTJ [12] who gave a classification of torus 
manifolds with G-action and dim M/G < 1 (see Corollaries 18.101 and 18. 1 If) . 
For quasitoric manifolds we have the following result. 

Theorem 1.4 (TJorollarv 18.91) . If G is semi-simple and M a quasitoric manifold 
with G-action, then 

k 

G = Y\SU(h + l) 

i=l 

and M is equivariantly diffeomorphic to a product of complex projective spaces. 

Furthermore, we give an explicit classification of simply connected torus mani- 
folds with G-action such that G is semi-simple and has two simple factors. 

Theorem 1.5 ( Corollaries l3~6l l8~12l l8~14|) . Let G = Gi x G 2 with G; simple and M 
a simply connected torus manifold with G-action. Then M is one of the following: 

CP h x CP' 2 , CP' 1 x S 2h , #i(S 2h x S 2l2 ) u S 2h+2h 

The G-actions on these spaces is unique up to equivariant diffeomorphism. 

The paper is organized as follows. In section [5] we investigate the action of the 
Weyl-group of G on # and H^(M). In section[3]we determine the orbit-types of the 
T-fixed points in M and the isomorphism types of the elementary factors of G. In 
section 2] the basic properties of the blow up construction are established. In sec- 
tion [5] actions with elementary factor G\ — SU(l\ + 1) are studied. In sectionlHlwc 
give an argument which reduces the classification problem for actions with an ele- 
mentary factor Gi = SO(2li) to that with an elementary factor SU(l\). In section[7] 
we classify torus manifolds with G-action with elementary factor G\ = SO(2l\ + 1). 
In section [5] we iterate the classification results of the previous sections and illus- 
trate them with some applications. There are two appendices with preliminary 
facts on Lie-groups and torus manifolds. 

I would like to thank Prof. Anand Dessai for helpful discussions. I would also 
like to thank Prof. Mikiya Masuda for a simplification of the proof of Lemma 12.11 

2. The action of the Weyl-group on # 

Let G be a compact connected Lie-group of rank n and T a maximal torus of 
G. Moreover, let M be a torus manifold with G-action. That means that G acts 
almost effectively on the 2n-dimcnsional smooth closed connected oriented manifold 
M such that M T ^ 0. We call a closed connected submanifold Mi of codimension 
two of M, which is pointwise fixed by a one-dimensional subtorus X(Mi) of T and 
which contains a T-fixed point, a characteristic submanifold of M. If g is an element 
of the normalizer NqT of T in G, then, for every characteristic submanifold Mi, 
gMi is also a characteristic submanifold. Therefore there are actions of NqT and 
the Weyl-group of G on 

In this section we describe this action of the Weyl-group of G on At first we 
recall the definition of the equivariant cohomology of a G-space X. Let EG — > BG 
be a universal principal G-bundlc. Then EG is a contractible free right G-space. 
If T is a maximal torus of G, then we may identify ET = EG and BT = EG/T. 
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The Borel-construction Xq of X is the orbit space of the right action ((e, x), g) H> 
{eg, g _1 x) on EG x X. The equivariant cohomology Hq{X) of X is defined as the 
cohomology of Xq- 

In this section we take all cohomology groups with coefficients in Q. 

The G- action on EG x X induces a right action of the normalizer of T on Xt- 
Therefore it induces a left action of the Weyl-group of G on the T-equivariant 
cohomology of X. 

Now let X — M be a torus manifold with G-action. Denote the characteristic 
submanifolds of M by Mi, i = l,...,m. Then, for any g G NqT, M g ^ = <j>Mj 
is also a characteristic submanifold which depends only on the class w = [g] G 
WK(G) = NqT/T. Therefore we get an action of the Weyl-group of G on Notice 
that Mi G # is a fixed point of the W (G)- action on g if and only if it is invariant 
under the action of NqT on M. 

A choice of an orientation for each characteristic submanifold of M together with 
an orientation for M is called an omniorientation of M. If we fix an omniorientation 
for M, then the T-equivariant Poincare-dual of Mi is well defined. 

It is the image of the Thom-class of N(Mi, M)t under the natural map 



V> : H 2 (N(Mi, M)t, N(Mi, M)t - (Afi)r) -> H 2 {M T ,M T - (M 4 )t) -> #|(M). 



Because of the uniqueness of the Thom-class |T71 p. 110] and because i/> commutes 
with the action of W(G), we have 



Here the minus-sign occurs if and only if g\nii '■ Mi ™> -^g(») is orientation reversing. 
We say that the class [g] € W(G) acts orientation preserving at Mj if this map 
is orientation preserving. If [g] acts orientation preserving at all characteristic 
submanifolds, then we say that [g] preserves the omniorientation of M. 



Let S = H >a (BT) and H£(M) = H£ (M)/5-torsion. Because M T ^ 0, there is 
an injection H 2 (BT) ^ H%(M) and 



By [TH p. 240-241], the r< are linearly independent in H^(M). By Lemma 3.2 of 
[H P- 246], they form a basis of H%(M). 

The Lie-algebra LG of G may be endowed with an Euclidean inner product which 
is invariant for the adjoint representation. This allows us to identify the Weyl-group 
W(G) of G with a group of orthogonal transformations on the Lie-algebra LT of T. 
It is generated by reflections in the walls of the Weyl-chambers of G [H p. 192-193]. 
In the following we say that an element of W{G) is a reflection if and only if it is a 
reflection in a wall of a Weyl-chamber of G. An element w £ W(G) is a reflection 
if and only if it acts as a reflection on H 2 (BT) . 

Here we say that A G G1(L) acts as a reflection on the Q-vector space L if 
there is a decomposition L = L + ® L_ with dimQL_ = 1 and A\l ± = ±Id. 
Notice that A G G1(L) acts as a reflection on L if and only if ordA = 2 and 
trace(A, L) — diniQ L — 2. 

Lemma 2.1. Let w G W(G) be a reflection. Then there are the following possibil- 
ities for the action of w on 

(1) w fixes all except exactly two elements of$. It acts orientation preserving 
at all characteristic submanifolds. 

(2) w fixes all except exactly two elements o/g'. Denote the elements o/g which 
are not fixed by w by Mi , Mi . The action of w is orientation preserving 
at all characteristic submanifolds of M except M\ , M^ ■ It is orientation 
reversing at M\ , M2 ■ 



(2.1) 



T g (i) = ±g*n- 



(2.2) 



H 2 {BT) n S'-torsion = {0}. 
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(3) w fixes all elements of$. It acts orientation reversing at exactly one char- 
acteristic submanifold of M . 

Proof. Using the arguments given before Lemma 12.11 we have the following com- 
mutative diagram of W(G)-representations with exact rows and columns 

S'-torsion in H^{M) 

H 2 {BT) *~ H 2 {M) ^ H 2 (M) 

H 2 (M) 


Here 4> denotes the natural map H^(M) — > H 2 (M). 

Because G is connected, the W(G)-action on H 2 (M) is trivial. By (I2.2p the 
S-torsion in H^(M) injects into H 2 (M). Therefore W(G) acts trivially on the 
S-torsion in H^(M). 

Because w is a reflection, we have trace(u>, H 2 {BT)) = diniQ H 2 (BT) — 2. From 
the exact row in the diagram we get 

trace (w,H^(M)) = trace(w, H 2 {BT)) + trace(w, im 4>) 

= dim.Q H 2 (BT) — 2 + diniQ im <f> 

= dim Q H%(M) - 2. 

Similarly we get 

trace(u;, H^{M)) = trace(u;, H^(M j) - trace(u;, S'-torsion in H%.(M)) 
= dim Q i?|(Af) - 2. 

Now the statement follows from (12.11) because the Tj form a basis of H^(M). □ 

Lemma 2.2. An element w G W(G) acts as a reflection on H^(M) if and only if 
it is a reflection. 

Proof. Because, by (|2T2"j) . H 2 (BT) injects into H$,(M), W(G) acts effectively on 
H 2 (M). Therefore we may identify W{G) with a subgroup of Gl(Hf,(M)). 
If w G W(G), then, as in the proof of Lemma I2TT1 we see that 

diniQ H 2 (BT) - trace(w, H 2 {BT)) = dim Qj fff (A/) - trace(w, H^{M)). 

Therefore, by the remark before Lemma \'2.1\ an element of W(G) of order two is a 
reflection if and only if it acts as a reflection on H^(M). □ 

Let So be the set of characteristic submanifolds, which are fixed by the W(G)- 
action on $ and at which W(G) acts orientation preserving. Furthermore let 3^, 
i = 1, . . . , k, be the other orbits of the W(G)-action on # and Vi the subspace of 
H^{M) spanned by the t 3 with Mj G fo. Then W(G) acts trivially on V Q . For 
i > 0, let Wi be the subgroup of W(G) which is generated by the reflections which 
act non-trivially on Vi. Then, by Lemma |2. 11 Wi acts trivially on Vj, j ^ i 

By (HU), H 2 (BT) injects into H 2 (M). Therefore W(G) acts effectively on 
H^(M). This fact implies that the subgroups Wi, i = 1, . . . , k, of W(G) pairwise 
commute and (Wi,.. ., Wi)C\W i+ i = {1} for alii = 1, . . . , k- 1. Here (Wi,.. . ,W l ) 
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denotes the subgroup of W(G) which is generated by Wi, . . . , Wj. Hence, we have 
an injective group homomorphism Y[ Wi — > W(G), (w\, . . . , u>k) i->- W\ . . . Wk . 

Lemma 2.3. The group homomorphism Y[ Wi — > W(G), (wi, . . . , u>k) >->• W\ . . . Wk 
is an isomorphism. 

Proof. Because W(G) is generated by reflections and each reflection is contained 
in a Wi, the above homomorphism is surjective. As noted before, it is injective. 
Therefore it is an isomorphism. □ 

Lemma 2.4. For each pair Mj t ,Mj 2 G fo, i > 0, with Mj 1 ^ Mj 2 there is a 
reflection w G Wi with w{Mj 1 ) = Mj 2 . 

Proof. Because & is an orbit of the W(G)-action on J and W(G) is generated by 
reflections, there is a Mj t G $i with Mj x ^ Mj 2 and a reflection w G Wi with 
w{M' h ) = M h ._ 

Because Wi is generated by reflections and acts transitively on the natural 
map Wi — > S($i) to the permutation group Sffii) of is a surjection by Lemma [27X1 
and Lemma 3.10 of |JJ p. 51]. Therefore there is a w' G Wi with 

«/ (M* ) - Mj t , «/ (M; ) = M h , (M J2 ) = M h . 

Now w'~ l ww' G Wi is a reflection with the required properties. □ 

It follows from Lemma \2. II that for each pair Mj 11 Mj 2 G 3i, i > 0, with Mjj ^ 
Mj 2 there are at most two reflections, which map Mj x to Mj 2 . 

If Mji , My G 3i is another pair with My 7^ My , then one sees as in the proof 
of Lemma 12.41 that there is a w' G Wi with 

w'(M fi )=M h , w'{M f2 ) = M h . 

Therefore there is a bijection 

{w G Wi; w reflection, w(Mj 1 ) = A/ J2 } -> {w £ Wi; w reflection, w(M,j) = My} 

w h-> w'~ l ww' . 

In particular, the number of reflections which map Mjj to Mj 2 does not depend on 
the choice of Mj 1) Mj 2 G 

Lemma 2.5. Assume > 1 and i > 0. If for each pair Mj 1 ,Mj 2 G with 
Mj 1 Mj 2 there is exactly one reflection in Wi, which maps Mj ± to Mj 2 , then Wi 
is isomorphic to S($i) = W(SU(li + 1)) with Zj + 1 = 

Proof. First we show that there is no reflection of the third type as described in 
Lemma f2~TT1 in Wj. Assume that w' G Wi is a reflection of the third type. Then let 
Mi G $i be the characteristic submanifold at which w' acts orientation reversing. 
Furthermore, let Ml ^ M 2 G &. 

Then by Lemma T2.4I there is a reflection w G Wi such that roMi = M2. Hence, 
w'ww' is a reflection with w'ww'Mi = M^. Because w and w'ww' have a different 
orientation behaviour at Mi, we have w 7^ w'ww' , contradicting our assumption. 

To prove the lemma, it is sufficient to show that the kernel of the natural map 
Wi — > S($i) is trivial. Let w be an element of this kernel. Then for each tj G V% 
we have 

WTj = ±Tj. 

If we have WTj = Tj for all Tj G Vi, then w = Id. 

Now assume that WTj = —Tj for a Tj- G Vi. Then there are reflections 
W\ , . . . , w n G Wi, n > 2, with — Tj = wtj = w\ . . . w n Tj . After removing some of 
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the Wi, we may assume that 

Wi . . . w n Tj ^ ±r,- for all i = 2, . . . , n, 

Wi+i . . . w n T jo ^ ±Wi . . . w n T jo for alii = 2, . . . , n. 



Therefore, by Lemma 12.11 we have WiTj = Tj for 2 < i < n. This equation 
together with WTj — —Tj implies 

w n ... W 2 WiW 2 ■ ■ ■ w n T jo = -w n T jo . 

Therefore w n . . . W2W1W2 • • ■ w n Mj — w n Mj . 

But w n . . . W2W1W2 ■ ■ ■ w n is a reflection. Therefore, by assumption, we have 

W n .. . W 2 WiW 2 ...W n = W„ 

and 

W n Tj = W n W n -l ■ ■ ■ W 2 WiW 2 ■ ■ ■ W n T ja = ~W n Tj . 

Because w n Tj ^ 0, this is impossible. Hence, our assumption that WTj = —Tj is 
false. 

Therefore the kernel is trivial. □ 

To get the isomorphism type of Wi in the case, where there is a pair Mj 1 , Mj 2 G 
3^, i > 0, with Mj t 7^ Mj 2 and exactly two reflections in Wi, which map Mj x to 
Mj 2 , we first give a description of the Weyl-groups of some Lie-groups. 

Let L be an ^-dimensional Q- vector space with basis e\, . . . , e;. For 1 < i < j < I 
let fij±,gi £ Gl(L) such that 



fij+e-k — 



(ei 


if k = j 


= \ e j 


if k = i 


[ek 


else 


(-ei 


if k = j 


\ e j 


if k = i 


[e k 


else 


|-«, 


if k = i 


[en 


else. 



fij— &k 

gi^k = 

Then we have the following isomorphisms of groups |J1 p. 171-172]: 
W(SU(l - 1)) £ S(l) £ (f ij+ ; 1 < i < j < I), 
W(SO(2l))^(f ij± ;l<i<j<l), 
W(SO(2l + 1)) £ W(Sp(l)) = (fij±,gi; 1 < i < j < I). 
From this description and Lemma 12.11 we get: 



Lemma 2.6. If for each pair Mj 1 ,Mj 2 £ i > 0, with Mj x ^ Mj 2 there are 
exactly two reflections in Wi which map Mj 1 to Mj 2 , then with ij = we have 

(1) Wi = W(SO(2li)) if there is no reflection of the third type as described in 
Lemma \2.1\ in Wi . 

(2) Wi = W{SO{2U + 1)) = W(Sp(li)) if there is a reflection of the third type 
in Wi. 

By 13 P- 233], G has a finite covering group G such that G — \\ i Gi x T l °, where 
the Gi are simple simply connected compact Lie-groups. The Weyl-group of G is 
given by W(G) ^^WiG,). 



MICHAEL WIEMELER 



We call two reflections w, w' £ W(G) equivalent if there are reflections W\, . . . ,Wk € 
W(G) such that 

w = wi, w' =W k , [Wi,W i+1 ] ^ 1. 

Here [w^uii+i] denotes the commutator of Wi and tUj+i. Because the Dynkin- 
diagram of a simple Lie-group is connected, each W(Gi) is generated by equivalent 
reflections. Therefore each W(Gi) is contained in a Wj. Therefore we get Wi — 
YljeJi W(Gj). Using Lemmas 12.51 and \2~M we deduce: 




W(Gj) for some j if Wi ¥ W(SO(4)) 

W(G n ) x W(G h ) with G h S G j2 S 5t/(2) if S W(50(4)). 



Therefore we may write G = J^i ^» x w i tn = W^i) an d Gj simple and 
simply connected or G^ = Spin(4). In the following we will call these Gt the 
elementary factors of G. 

We summarize the above discussion in the following lemma. 

Lemma 2.7. Let M be a torus manifold with G-action and G as above. Then all 
Gi are non- exceptional, i.e. Gi — SU{U + 1), Spin(2li), Spin(2li + 1), Sp(k). 

The Weyl-group of an elementary factor Gi of G acts transitively on and 
trivially on gj, j ^ i- 

For a given isomorphism type of Gi, there are at most two possible values of 
4k^Si- The possible values of ^-Si ar ^ listed in the following table. 



G, 


m 


517(2) = Spin{3) = Sp(l) 


1,2 


Spin(4) 


2 


Spin(5) = Sp(2) 


2 


517(4) = Spin(6) 


3,4 


SU(k + l), 1.3 


k + l 


Spin(2k + 1), k > 2 


h 


Spin(2li), U > 3 


h 


Sp(k), k>2 


h 



If wc restrict our attention to quasitoric manifolds with G-action, then we get a 
much shorter list of possible isomorphism types of the elementary factors. In fact, 
if M is a quasitoric manifold with G-action, then, as shown in the next lemma, all 
elementary factors of G are isomorphic to SU(li + 1) for some k > 1. 

Lemma 2.8. Let M be a quasitoric manifold with G-action. Then there is a 
covering group G of G with G = JJ^Li SU(k + 1) x T l ° . 

Proof. First we show for i > 0: 

(2.3) Wi <* 5(&). 

To do so, it is sufficient to prove that there is an omniorientation on M which is 
preserved by the action of W(G). This is true if for every characteristic submanifold 
Mi and g G NqT such that gMi = Mj, g preserves the orientation of Mj. Since G 
is connected, g preserves the orientation of M and acts trivially on H 2 (M). 

Because each vertex of the orbit polytope P of M is the intersection of exactly n 
facets of P, every fixed point of the T-action on M is the transverse intersection of 
exactly n characteristic submanifolds. Thus, the Poincare-dual PD(Mi) £ H 2 (M) 
of Mi is non-zero because Mj (~l M T ^ 0. Therefore g preserves the orientation of 
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Mi since otherwise 

PD{M % ) = ^(PD(Mi) + PD(Mi)) 

= ~(PD(M i )+g*PD(M i )) 

= ~(PD(M i )-PD(M i )) 
= 0. 

This establishes (|2.3p . Recall that all simple compact simply connected Lie- 
groups having a Weyl-group isomorphic to some symmetric group are isomorphic 
to some SU (/+!). Therefore all elementary factors of G are isomorphic to SU(li+l). 
From this the statement follows. □ 

Remark 2.9. In [T3] Masuda and Panov show that the cohomology with coefficients 
in Z of a torus manifold M is generated by its degree- two part if and only if the torus 
action on M is locally standard and the orbit space M/T is a homology polytope. 
That means that all faces of M/T are acyclic and all intersections of facets of M/T 
are connected. In particular, each T-fixed point is the transverse intersection of n 
characteristic submanifolds. Therefore the above lemma also holds in this case. 

For a characteristic submanifold Mi of M, let X(Mi) denote the one-dimensional 
subtorus of T which fixes Mi pointwise. The normalizer NqT of T in G acts by 
conjugation on the set of one-dimensional subtori of T. The following lemma shows 
that 

A : ^ — > {one-dimensional subtori of T} 

is iVcT-equivariant. 

Lemma 2.10. Let M be a torus manifold with G-action, g S NqT and Mi C M 
be a characteristic submanifold. Then we have: 

(1) X(gM i )=g\(M i )g- 1 . 

(2) If gMi — Mi, then g acts orientation preserving on Mi if and only if 

\(Mi) -> \{Mi) 1 1-> gtg- 1 

is orientation preserving. 

Proof. First we prove ([T]). Let x £ Mi be a generic point. Then the identity 
component T° of the stabilizer of x in T is given by T° = A(Mj). Therefore we 
have 

X{gMi) - T° gx = gTlg- 1 = gX{Mi)g-\ 

Now we prove ((2). An orientation of Mj induces a complex structure on iV(Mj, M). 
We fix an isomorphism p : A(M,) — > S 1 such that the action of t £ X{Mj) 
on N(Mi,M) is given by multiplication with p(t) m , m > 0. The differential 
Dg : N(Mi,M) — > N(Mi,M) is orientation preserving if and only if it is com- 
plex linear. Otherwise it is complex anti-linear. Therefore for v G N(Mi,M) we 
have 

p(gtg- l rv = (Dg^LHXDg)-^ = [Dg)p{t) m {Dg)- 1 v 
= p^iDg^Dg)-^ = pit^rv. 

This equation implies that p(gtg^ 1 t Tl ) € Z/mZ. Because X(Mi) is connected and 
Z/mZ is discrete, gtg~ l = t^ 1 follows, where the plus-sign arises if and only if g 
acts orientation preserving on Mi. □ 



(g acts trivially on H 2 (M)) 

(g reverses the orientation of Mi) 
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3. G-ACTION ON M 

In this section we consider torus manifolds with G-action such that G has only 
one elementary factor G±, i.e. G — G\ x T l °. There are two cases: 

(1) There is a T- fixed point, which is not fixed by G\. 

(2) There is a G-fixed point. 

We first discuss the case, where there is a T-fixed point which is not fixed by G\. 

Lemma 3.1. Let G = G\ x T l ° with G\ elementary, rankGi = l\ and M a torus 
manifold with G-action of dimension 2n = 2(Iq + li). If there is an x 6 M T , which 
is not fixed by the action of G\ , then 

(1) Gi = SU(l\ + 1) or Gi = Spin(2li + I) and the stabilizer of x in G\ is 
conjugated to S(U{1\) x U{\)) or Spin(2li), respectively. 

(2) The G\-orbit of x equals the component of M T ° which contains x. 
Moreover, if G\ = SU(A), one has = 4. 

Proof. The Gi-orbit of x is contained in the component N of M T containing x. 
Therefore we have 

codim Gi^ = dimGi/Gi^ = dimGia; < dimiV < 2l±. 

Furthermore the stabilizer G\ x of x has maximal rank l\. In particular, its identity 
component G\ x is a closed connected maximal rank subgroup. 

Next we use the theory of Lie-groups to determine the isomorphism types of 
Gi and G\ x . At first we consider the case G\ ^ Spin(4). From the classification 
of closed connected maximal rank subgroups of a compact Lie-group given in [31 
p. 219] we get the following connected maximal rank subgroups H of maximal 
dimension: 



Gi 


H 


codim H 


SU{2) = Spin(3) = Sp(l) 


S(U(l) x C/(l)) 


2 


Spin(5) = Sp(2) 


Spin(4) 


4 


SU{4) = Spin(6) 


S(U(3) x 1/(1)) 


6 


SU{h + l),h^l,3 


S(U(h) x U(l)) 


2h 


Spin(2/! + 1), h > 2 


Spin(2/i) 


2h 


Spin(2Zi), h > 3 


Spin(2/! - 2) x Spin(2) 


Ui-A 


S P (h), h > 2 


Sp(h - 1) x Sp(l) 


Ah -A 



Because H is unique up to conjugation and 

codim H < codim G\ x = codim G\ x < 21%, 

we see G\ — SU{h + 1) or Gi = Spin(2Zi + 1). Moreover, G\ x is conjugated to a 
subgroup of Gi which contains S{U(l\) x U(l)) or Spin(2/i), respectively. 

If li > 1, then S(U(li) x U(l)) is a maximal subgroup of SU(li + 1) by Lemma 
IA.1I Therefore, if Gi = SU(h + 1) and h > 1, then G lx is conjugated to S(U(h) x 
U(l)). Because codim S(U(li) x £7(1)) = 2li > dimiV > codimGi^, we have 
G\x = N in this case. 

If Gi = Spin(2/i + 1), li > 1, then by Lemma fA.41 there are two proper sub- 
groups of Gi, which contain Spin(2/i); Spin(2Zi) and its normalizer Hq. Because of 
dimension reasons we have N — G\x. Because Spin(2?i + l)/Ho is not orientable 
and M T '° is orientable, G\ x = Spin(2/i) follows. The case G\ = SU{2) is included 
in the discussion in this paragraph because SU{2) — Spin(3). 

Now we prove the last statement of the lemma. If Gi = SU(A), then G\x is G\- 
equivariantly diffcomorphic to CP 3 by the above discussion. Because CP 3 has four 
characteristic submanifolds with pairwise non-trivial intersections, by Lemmas IB.2I 
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and IB. 31 there are four characteristic submanifolds M\ , . . . , M4 , which intersect 
transversely with G\x = N. Because G\x is a component of M T we have by 
Lemma |B~T1 that A (Mi) <f_ T l °. Therefore A (Mi) is not fixed pointwise by the 
action of W(G\) on T. Here W(G\) acts on T by conjugation. Now it follows with 
Lemma 12.101 that Mi , . . . , M4 belong to #1 . 

Now we turn to the case G x = Spin(4) = SU(2) x 517(2). 

Then there are the following proper closed connected maximal rank subgroups 
H of Gi of codimension at most 4: 

SU{2) x S(U(l) x 17(1)), S(U{1) x U(l)) x £17(2), S(U(1) x U(l)) x S(U(1) x U(l)). 

The last has codimension four in G\. The others have codimension two in G\. 

At first assume that G\x has dimension four. Then we have G\ x — S(U(l) x 
(7(1)) x 5(17(1) x U(l)). There are five proper subgroups of Spin(4) which contain 
5(1/(1) x [7(1)) x £(^7(1) x ^7(1)) as a maximal connected subgroup, namely: 

Hi = S(U(l) x 17(1)) x 5(17(1) x C/(l)) 

H 2 = N SU(2) S(U(1) x U(l)) x S(U(l) x U(l)) 

H' 3 = S(U(1) x U(l)) x 7V sc/(2) 5([/(l) x U(l)) 

H' t = N SU(2) S(U(1) x C/(l)) x N SUW S(U(1) x [7(1)) 

77; = {( 5l ,. 92 ) 6 N SU{2) S(U(1) x C/(l)) x A/ S[/(2) 5(LT(1) x 17(1)); 

ff i G 5(C/(1) x [7(1)) « g 2 G 5([/(l) x [/(l))} 

Therefore Gix is Gi-equivariantly diffeomorphic to one of the following spaces: 

Spin(4)/7f( = 5 2 x 5 2 , 

Spin(4)/7f^ = 5 2 x Za 5 2 = orientable double cover of MP 2 x RP 2 , 
Spin (4) /i^ = RP 2 x S 2 , 
Spin(4)/7T3 = S 2 x MP 2 , 
Spin (4) /f^ =KP 2 x MP 2 . 

Since G\x = M T is orientable, the latter three do not occur. 

For N = G t x = S 2 x 5 2 , 5 2 x z , 5 2 , let be the union of the T-orbits in N 
of dimension less than or equal to one. Then W(G\) = Z 2 x Z 2 acts on the orbit 
space /T. This space is given by one of the following graphs: 




V J 

(5 2 x 5 2 )< 1 )/T (5 2 x Z2 S 2 )^/T 

Where the edges correspond to orbits of dimension one and the vertices to the fixed 
points. The arrows indicate the action of the generators wi,w 2 G W(G\) on this 
space. Let Mi,M 2 be the two characteristic submanifolds of M which intersect 
transversely with N in x. Because N is a component of M T , A(M,), i = 1,2, 
is not a subgroup of T l ° by Lemma [B.ll Therefore A(Mj) is not fixed pointwise 
by W(Gi). By Lemma [2.101 this fact implies Mi,M 2 e ^i. Therefore there is a 
w G W(G\) with w(Mi) = M 2 . But from the pictures above we see that Mi and 
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M 2 are not in the same W(Gi)-orbits. Therefore the case dimGix = 4 does not 
occur. 

Now assume that G\x has dimension two. Then we may assume without loss of 
generality that G\ x = SU(2) x S(U(1) x U(l)). Therefore G x x C M su ^ xl . Be- 
cause Gi x C M T '°, dx is a component of M s(u ^ xU ^ xlxTl " in this case. There- 
fore, by Lemmas IB . II and IB . 31 there are characteristic submanifolds M 2 , ■ ■ ■ , Mi 0+2 
of M such that G\x is a component of [^°^ 2 Mi. Furthermore, we may assume 
that A(M 2 ) <t T l °. Therefore, by Lemma UTTO! we have M 2 G 3i. 

But there is also a characteristic submanifold Mi of M which intersects G\X 
transversely in x. With the Lemmas IB . II and 12.101 we see M\ G %\. 

Therefore there is a w G W(G\) with w(M2) = Mi. But this is impossible 
because M 2 D G\x </: Ml. 

Therefore G\ 7^ Spin(4) and the lemma is proved. □ 

Remark 3.2. If, in the situation of Lemma 13.11 T PI G\ is the standard maximal 
torus of Gi, then it follows by Proposition 2 of [8, p. 325] that G\ x is conjugated to 
the groups given in Lemma 13.11 ([1} by an element of the normalizer of the maximal 
torus. 

Lemma 3.3. In the situation of the previous lemma x is contained in the inter- 
section of exactly l\ characteristic submanifolds belonging to 3i . 

Proof. Because N = G\x has dimension 2/i, x is contained in exactly l\ characteris- 
tic submanifolds of N . By Lemmas lB.2l and lB.3l we know that they are components 
of intersections of characteristic submanifolds Mi, . . . , M^ of M with N. 

Because Gix is a component of M T '° , A(Mj) is not a subgroup of T l " for i = 
1, . . . , 1% by Lemmas lB.ll and lB.3l Therefore A(Mj) is not fixed pointwise by W^(Gi). 
By Lemma \2. 101 this implies that Mj belongs to ^l- 

By Lemmas IB . 31 and IB . 1 1 G12; is the intersection of Iq characteristic submanifolds 
Mjj 1+ i, . . . , M n of M. We show that these manifolds do not belong to #1. Assume 
that there is an i > l\ + 1 such that Mi belongs to #1. Because W(Gi) acts 
transitively on Ji, there is a iy £ H^(Gi) with w{M{) = Mj, j < l\. But this is 
impossible because Mi ~D G\x (f_ Mj. □ 

Now we turn to the case, where there is a T-fixcd point which is fixed by Gi. 

Lemma 3.4. Let G — G\ x T l ° with G\ elementary, rankGi = l\ and M a torus 
manifold with G-action of dimension 2n = 2(Iq + l\). If there is a T -fixed point 
x G M T , which is fixed by G\, then G\ — SU{1\ + 1) or G\ = Spin{2l\). 
Moreover, if G± =/= Spin(8) one has 

(3.1) T X M = Vi © V 2 ®c Wi if Gi = SU(h + 1) and #fo = A in the case h = 3, 

(3.2) T X M = V 3 ® W 2 if Gi = Spin{2h) and ##1 = 3 in the case h = 3, 

where W± is the standard complex representation of SU{l\ + \) or its dual, W% is the 
standard real representation of SO{2l\) and the Vi are complex T l ° -representations. 

In the case G\ — Spin(&), one may change the action of G\ on M by an au- 
tomorphism of G\, which is independent of x, to reach the situation described in 

cop. 

Furthermore we have x G Dm e^i ^ ^ = ^ len we have = 2. 

Proof. Let Mi, . . . , M n be the characteristic submanifolds of M, which intersect in 
x. Then the weight spaces of the G-representation T X M are given by 



N x (M u M),...,N x (M n ,M). 
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For g £ N G T we have Mi = gMj if and only if N x (M it M) = gN x (Mj,M). Because 
Gi acts non-trivially on T X M, there is at least one Mi, i £ {l,...,n}, such that 
Mi £ di- 

In the following a weight space of T X M together with a choice of an orientation 
for this weight space is called an oriented weight space of T X M . The action of G\ 
on T X M induces an action of W(G\) on the set of oriented weight spaces of T X M . 

Because W{G\) acts transitively on 3i and x is a G-fixed point, we have 

(3.3) -#{oriented weight spaces of T X M which are not fixed by W{G\)} = jfi&i 

and X £ n Ml e5i M i- 

For the G-representation T X M we have 

(3.4) T X M = N x (M T '° , M) © T X M T '° . 

If l Q = 0, then we have N X (M T '° , M) = {0}. Otherwise the action of T l ° induces a 
complex structure on N X {M T ° , M). By [4j p. 68] and [H p. 82], we have 

(3.5) iV,(Af Ti0 , M) = Vi ® c W h 

i 

where the Vi are one-dimensional complex T l ° -representations and the Wi are irre- 
ducible complex Gi-representations. Since T l ° acts almost effectively on M, there 
are at least n — l\ summands in this decomposition. Therefore we get 

(3.6) dime = dim c N x (M T '° , M)-^ dim c Vj® c Wj < n-(n-h-l) = h+1. 
Furthermore 

(3.7) dim R T X M T '" < 2(n - / ) = 2h- 

If there is a Wi a with dime Wi = h + 1, then from equation (13.51) we get, for all 
other Wi, 

(3.8) dim c IF, = dim c N X (M T '° , M)-dim c V i0 ® c W l0 - dim C Vj ®cWj < 1. 

So they are one-dimensional. Therefore they are trivial. Furthermore we have 
dime N X (M T '° ,M)=J2 dim c Vi ®c Wi > n 

i 

because there are at least n — l\ summands in the decomposition (|3.5[) . Therefore 
T X M T is zero-dimensional in this case. 
If dimR T X M T = 2Zi, then we have 

dime Wi = dime N x (M Tl ° , M) - ^ dim c V 3 ® c Wj<l. 

Therefore all Wi are one dimensional. So they are trivial in this case. 

There are the following lower bounds cZr, g?c for the dimension of real and complex 
non-trivial irreducible representations of Gi [191 p. 53-54] : 
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dc 


SU{2) = Spin(3) = Sp(l) 


3 


2 


Spin(4) 


3 


2 


Spin(5) = Sp{2) 


5 


4 


SU{4) = Spin(6) 


6 


4 


SU(h + l),h^l,3 


2h + 2 


Zi + 1 


Spin(2Zi + 1), h > 2 


2Zi + 1 


2/i + 1 


Spin(2Z x ), Zi > 3 


2Zi 


2/i 


Sp(Zi), ii > 2 


2h + l 


2Zi 



In [TS1 P- 53-54] the dominant weights of the Gi-representations realising these 
bounds are also given. They are important in the discussion below. 

Because Gi acts non-trivially on T X M, one of the W^s or T X M T is a non-trivial 
Gi-representation. Therefore we have dig < 2Zi or dc < Zi + 1 by (|3.6[) and (|3.7p . 
Therefore Gi ^ S>(Zi), Zi > 1, and Gi ^ Spin(2Zi + 1), Zi > 1. 

If Gi = Spin(2Zi), Zi > 3, then all Wi are trivial because 

dime Wi < h + 1 < 2Zi = d c . 

Moreover, T x M Tl ° has dimension 2Zi . Therefore it is the standard real SO{2li)- 
representation if l\ > 4. If l\ = 4, then there are three eight-dimensional real 
representations of Spin(8), namely the standard real S'0(8)-representation and the 
two half spinor representations. They have three different kernels. Notice that the 
kernel of the Gi-representation T X M T is equal to the kernel of the Gi-action on 
M. Therefore, if one of them is isomorphic to T X M T , then it is isomorphic to 
T y M T for all y £ M T . So we may - after changing the action of Spin(8) on M by 
an automorphism - assume that T X M T is the standard real 50(8)-representation. 

If Gi = SU{1\ + 1), Zi 7^ 1,3, then only one Wi is non-trivial and T x M Tl " has 
dimension zero. The non-trivial Wi is the standard representation of SU(Ji + 1) or 
its dual depending on the complex structure of N x (M Tk ' , M). 

If Gi = SU(A), then there are one real representation of dimension 6 and two 
complex representations of dimension 4. If the first representation occurs in the 
decomposition of T X M, then, by (I3.3p . we have #£i = 3. If one of the others 
occurs, then = 4. 

If Gi = SU(2), then there is one non-trivial Wi of dimension 2. Therefore, by 
(POj) . one has = 2. 

If Gi = Spin(4), then T X M is an almost faithful representation. Because all 
almost faithful complex representations of Spin(4) have at least dimension four 
there is no Wi of dimension three. 

If there is one Wi of dimension two, then we see as in (|3.8p that all other Wi and 
T X M T have dimension less than or equal to two. Because there is no non-trivial 
two-dimensional real Spin(4)-representation there is another Wi of dimension two. 
Therefore there are eight oriented weight spaces of T X M which are not fixed by the 
action on W{G\). But this contradicts (|3.3[) because = 2. 

Therefore all Wi are one-dimensional. Hence, they are trivial. T X M T has to 
be the standard four-dimensional real representation of Spin(4). □ 

With the Lemmas 13.11 and 13.41 we see that there is no elementary factor of G, 
which is isomorphic to Sp(h) for 1% > 2. 

Now let Gi = Spin(2Z). If I = 3, we assume = 3. Then, by looking at 
the Gi-representation T X M, one sees with Lemma [3.41 that the Gi-action factors 
through SO(2l). 
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Now let Gi = Spin(2i + 1), I > 1. Then, by Lemma I3~T1 we have G lx = Spin(2;). 
Because the Gi^-action on N X {G\X,M) is trivial by Lemma 13.41 the Gi-action 
factors through SO{2l + 1). 

In the case G\ = Spin(3) and #3i = 1 we have G\x — S 2 . The characteristic 
submanifold Mi £ gi intersects G\x transversely in x. Because = 1) A (Mi) 
is invariant under the action of W(G\) on the maximal torus of G. Because, by 
Lemma \2. 101 the non-trivial element of W(G\) reverses the orientation of A(Mi), 
it is a maximal torus of G±. Therefore the center of G\ acts trivially on M. Hence, 
the Gi-action on M factors through 50(3). 

If, in the case G\ = Spin(3) and = 2, the principal orbit type of the G\- 
action is given by Spin(3)/Spin(2), then the Gi-action factors through 50(3). 

Therefore in the following we may replace an elementary factor Gi of G isomor- 
phic to Spin(Z), which satisfies the above conditions, by SO(l). 

Convention 3.5. If we say that an elementary factor Gi is isomorphic to SU(2) or 
SU(4), then we mean that #fo = 2 or = 4, respectively. Conversely, if wc 
say that Gi is isomorphic to 50(3) we mean that = 1 or #3« = 2 and the 
50(3)-action has principal orbit type 50(3)/50(2). If we say Gi = 50(6), then 
we mean #fo = 3. 

Corollary 3.6. Assume that G is elementary. Then M is equivariantly diffeo- 
morphic to CP h or M = S 2h if G = SU(h + 1) or G = SO(2h + l),SO(2h), 
respectively. 

Proof. If G is elementary, then we may assume that G = G = 50(2Zi), SO(2li + 
l),SU(h + l) anddimM = 2l t . 

If G = 50(2/i), then, by Lemmas 13.11 and 13.41 the principal orbit type of the 
50(2/i)-action is given by SO(2l\) / SO(2l\ — 1), which has codimension one in M. 

The group S(0(2li — 1) x 0(1)) is the only proper subgroup of 50(2/i), which 
contains 50(2Zi - 1) properly. Because SO(2l 1 )/S(0(2l 1 - 1) x 0(1)) = IP 2 ' 1 " 1 
is orientable all orbits of the 50(2li)-action are of types SO{2li) j ' S0(2l\ — 1) or 
SO{2l 1 )/SO(2l 1 ) by L3 , p. 185]. 

By 3, p. 206-207], we have 

M = D\ h U Df\ 
where 50(2/i) acts on the disks D 2 1 in the usual way and 

4> : S 211 - 1 = SO{2h)/SO{2h - 1) -> 5 2 ' 1 " 1 = SO(2l 1 )/SO(2l 1 - 1) 

is given by gSO(2h - 1) n- gnSO(2h - 1), where n £ iV so(2/l) 50(2Zi - 1) = 
5(0(2/i - 1) x 0(1)). 

Therefore 4> = ±Id s21l -i and M = S 2h . 

If G = 50(2?i + 1), then 

M = SO(2h + l)/SO(2h) = S 2h 

follows directly from Lemmas 13.11 and 13.41 

Now assume G = SU(li + 1). Because dimM = 2l\, the intersection of l\ + 1 
pairwise distinct characteristic submanifolds of M is empty. By Lemma 13.41 no 
T- fixed point is fixed by G. Therefore from Lemma |3. II we get 

M = SU{h + l)/S(U(h) x U(l)) = CP' 1 . 

□ 

Remark 3.7. Another proof of this statement follows from the classification given 
in section [S] 
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4. Blowing up 

In this section we describe blow ups of torus manifolds with G-action. They are 
used in the following sections to construct from a torus manifold M with G-action 
another torus manifold M with G-action, such that an elementary factor of the 
covering group G of G has no fixed point in M. 

References for this construction are [7J p. 602-611] and [TH p. 269-270]. 

As before we write G = Yli=i @i x T l " with Gi elementary and T l ° a torus. 

We will see in sections [5] and [JJ that there are the following two cases: 

(1) A component N of M Gl has odd codimension in M. 

(2) A component N of M Gl has even codimension in M and there is a g £ Z(G) 
such that g acts trivially on N and g 2 acts as — Id on N(N, M). 

In the second case the action of g on N(N,M) induces a G- invariant complex 
structure. We equip N(N, M) with this structure. Let E = N(N, M) © K, where 
IK = M in the first case and K = C in the second case. 

In the following we call case (1) the real case and case (2) the complex case. 

Lemma 4.1. The projectivication P^(E) is orientable. 

Proof. Because M is orientable the total space of the normal bundle of N in M is 
orientable. Therefore 

E = N(N, M) ® K = N(N, M) x K 

and the associated sphere bundle S(E) are orientable. 

Let Z K = Z/2Z if K = K and Z K = S 1 if K = C. Then Z K acts on E and S(E) 
by multiplication on the fibers. Now Pk(E) is given by S{E)/Z^. If K = C, then 
Zk is connected. Therefore it acts orientation preserving on S(E). 

If K = M, then dimE is even. Therefore the restriction of the ZR-action to a 
fiber of E is orientation preserving. Hence, it preserves the orientation of S(E). 

Because the action of Zk is orientation preserving on S(E), Pk(E) is orientable. 

□ 

Choose a G-invariant Riemannian metric on N(N, M) and a G-equivariant closed 
tubular neighborhood B around N . Then one may identify 

B = {z € N(N,M); \z \ < 1} = {(z : 1) G P K {E); \z \ < 1}. 

By gluing the complements of the interior of B in M and Pk(E) along the 
boundary of £?, we get a new torus manifold with G-action M, the blow up of 
M along N. It is easy to see, using isotopies of tubular neighborhoods, that the 
G-equivariant diffeomorphism-type of M does not depend on the choices of the 
Riemannian metric and the tubular neighborhood. 

M is oriented in such a way that the induced orientation on M — B coincides 
with the orientation induced from M. This forces the inclusion of Pk{E) — B to 
be orientation reversing. Because G\ is elementary there is no one-dimensional G\- 
invariant subbundle of N(N, M). Therefore we have #tt (M Gi ) = #tt (M Gi ) - 1. 

So by iterating this process over all components of M Gl one ends up at a torus 
manifold M' with G-action without Gi-fixed points. In the following we will call 
M' the blow up of M along M Gl . 

Lemma 4.2. There is a G-equivariant map F : M M which maps the excep- 
tional submanifold M = P K (N(N, M) ® {0}) to N and is the identity on M - B. 
Moreover, F restricts to a diffeomorphism M — Mo — > M — N . Its restriction to 
M a is the bundle projection P K (N(N, M) © {0}) -> N . 
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Proof. The G-equivariant map 

/ : Pk(E) -B^B {zo:zx)y* {z Q zi : \z \ 2 ) (z G N(N, M), Z\ G K) 

is the identity on dB. Therefore it may be extended to a continuous map h : M — ¥ 
M, which is the identity outside of Pk{E) — B. 

Because f\p K (E)-6-M ' P^(E) — B — Al — > B — N is a diffeomorphism there 
is a G-equivariant diffeomorphism F' : M — Mo — > M — N, which is the identity 
outside Pk(E) — B — Mq and coincides with / near M by [TU1 p. 24-25]. Therefore 
F' extends to a differentiable map F : M — > M such that F\m — I\m 1S the 
bundle projection. □ 

Lemma 4.3. Let H be a closed subgroup ofG. Then there is a bijection 
{components of M H <£_ N} — > {components of M <f_ Afo} 

such that 

N'^N'= (P K (N(N n N', N') © K) - fi) U dBnN - (n' - B\ 
and its inverse is given by 

F(N") <-h N", 

where N' is a component of M H and N" is one of M H . Here F(N") is the image 
of N" under the map F defined in Lemma \4-2\ For a component N' of M H , we 
call N' the proper transform of N 1 . 

Proof. At first we calculate the fixed point set of the iJ-action on M. 

H 



= (pk{e) - b) h u dBH [ai-b)' 



Because H is compact, there are pairwise distinct i-dimensional non-trivial irre- 
ducible ii-representations Vij and TJ-vector bundles .Ey over N H such that 

N(N,M)\ NH =N(N,M)\% B ®@@E ij , 

i 3 

and the i?-representation on each fiber of E^ is isomorphic to K dij <g>K Vij , where 
K dij denotes the trivial H- representation of dimension dij . 
Now the H- fixed points in Pk(E) are given by 

P K (E) H = P K (N(N, M) © K)|£„ 

= P K (N(N, M)\% s © K) nJJ P K (E l3 © {0}). 

3 

Because N(N, M)\% H = N(N H , M H ) we get 
M" 



H = \ (pk(n(n h ,m h )®k)-b h ^ u 9B h (m-&Y 

nU p K(i?y©{0}) 



3 



= II N'U^PfiEti® {0}), 

N'CM H j 

where N' runs through the connected components of M which are not contained 
in N. Thus the statement follows. □ 

By replacing H in Lemma 14.31 by an one-dimensional subtorus of T, we get: 
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Corollary 4.4. There is a bijection between the characteristic submanifolds of M 
and the characteristic submanifolds of M , which are not contained in Mq . 

Proof. The only thing, that is to prove here, is that for a characteristic submanifold 
Mi of M, Mj is non-empty. If (M l - N) T ^ 0, then this is clear. 

If p e (Mi n N) T , then P K (N(M i n N, Mi) © {0})| p is a T-invariant submanifold 
of Mi, which is diffeomorphic to CP k or M.P 2k . Therefore it contains a T-fixed 
point. □ 

This bijection is compatible with the action of the Weyl-group of G on the sets 
of characteristic submanifolds of M and M. 

In the real case the exceptional submanifold Mq has codimension one in M and 
is G-invariant. Because there is no S -representation of real dimension one, Mq 
does not contain a characteristic submanifold of M in this case. 

In the complex case Mq is G-invariant and may be a characteristic submanifold 
of M. 

Therefore there is a bijection between the non-trivial orbits of the W^(G)-actions 
on the sets of characteristic submanifolds of M and M, Hence we get the same 
elementary factors for the G-actions on M and M. 

Corollary 4.5. Let H be a closed subgroup of G and N' a component of M H such 
that N n N' has codimension one -in the real case- or two -in the complex case- 
in N' . Then F induces a (NqH) -equivariant diffeomorphism of N' and N' . 

Proof. Because of the dimension assumption the (iV(5-ff) -equivariant map 

f\p K{N (NnN',N> W -BnN' ■ MN(N n N', N>) © K) - B n N' B n N' 

from the proof of Lemma 14.21 is a diffeomorphism. Because the restriction of F to 
M — Mq is an G-equivariant diffeomorphism the restriction F\^,_ M : N' — Mq — > 

N' — N is a (A r GiJ)°-equivariant diffeomorphism. Therefore F\ft, : N' — >• N' is a 
diffeomorphism. □ 

Lemma 4.6. In the complex case let E = N(N, M )* © C, where N(N, M)* is the 
normal bundle of N in M equipped with the dual complex structure. Then there is 
a G-equivariant diffeomorphism 

M -> P C (E) - B U dB M - B. 

That means that the diffeomorphism type of M does not change if we replace the 
complex structure on N(N, M) by its dual. 

Proof. We have P C (E) = E / - and P C {E) = Ej ~', where 

(z , z x ) - (z' , z[) <^3teC* (tz ,tzi) = (z' , z[), 

(z ,zi) ~' (z ,z[) o3feC (tz ,izi) = (z' a ,z[). 



Therefore 

E^E (z ,Zi) i-)- (z ,zi) 

induces a G-equivariant diffeomorphism Pc{E) — B — > Pc{E) — B which is the 
identity on dB. By QUI p. 24-25] the result follows. □ 

Lemma 4.7. If in the complex case G\ = SU(l\ + 1) and codim N = 2l\ + 2 or in 
the real case G± — SO(2l\ + 1) and codim N = 2li + 1, then F : M M induces 
a homeomorphism F : MjG\ — > MjG\. 
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Proof. Because F\jj_ M : M — Mo — ► M — N is a equi variant diffeomorphism and 
M /Gi,M/G\ are compact Hausdorff-spaces, the only thing, that has to be checked, 
is that 

F\p k{ n(n,m)) ■ Pk(N(N,M)) -> N 

induces a homeomorphism of the orbit spaces. But this map is just the bundle map 
P K {N{N,M))^N. 

If Gi = SU{1\ + 1), then, because of dimension reasons [HI p. 53-54], the G\- 
representation on the fibers of N(N, M) is the standard representation of G\ or its 
dual. If G\ — SO(2l\ + 1), then, by [T5J p. 53-54], the Gi-representation on the 
fibers of N(N, M) is the standard representation of G\. 

Thus, in both cases the Gi-action on the fibers of Pk(N(N, M)) — > N is transi- 
tive. Therefore the statement follows. □ 

Remark 4.8. All statements proved above also hold for non-connected groups of 
the form G x K where if is a finite group and G is connected if we replace TV by a 
if-invariant union of components of M Gl . 

Now we want to reverse the construction of a blow up. Let A be a closed G- 
manifold and E — > A be a G-vector bundle such that G\ acts trivially on A. If E 
is even dimensional, we assume that there is a g £ Z(G) such that g acts trivially 
on A and g 2 acts on E as — Id. In this case we equip E with the complex structure 
induced by the action of g. 

Assume that M is a G-manifold and there is a G-equivariant embedding of 
Pk(E) <->• M such that the normal bundle of P%(E) is isomorphic to the tautological 
bundle over P&(E). 

Then one may identify a closed G-equivariant tubular neighborhood B c o{P^(E) 
in M with 

B c = {(z : 1) G P K {E © K); \zq\ > 1} U {(z : 0) e Pk{E © K)}. 

By gluing the complements of the interior of B c in M and P&(E®K.), we get a G- 
manifold M such that A is G-equivariantly diffcomorphic to a union of components 
of M Gl . 

We call M the down of M along Pk(^)- 

It is easy to see that the G-equivariant diffeomorphism type of M does not 
depend on the choices of a metric on E and the tubular neighborhood of Pk(E) in 
M if Gi acts transitively on the fibers of Pk{E) — > A. 

It is also easy to see that the blow up and blow down constructions are inverse 
to each other. 

5. The case Gi = SU(h + 1) 

In this section we discuss actions of groups, which have a covering group of the 
form Gi x G2, where G\ = SU(l\ + 1) is elementary and G2 acts effectively on M. 
It turns out that the blow up of M along M Gl is a fiber bundle over CP' 1 . This 
fact leads to our first classification result. 

The assumption on G2 is no restriction on G, because one may replace any 
covering group G by the quotient G/H where H is a finite subgroup of G2 acting 
trivially on M. Following Convention 13.51 we also assume #3i = 2 or = 4 in 
the cases Gi = SU(2) or G\ = 5t/(4), respectively. Furthermore, we assume after 
conjugating T with some element of G\ that T\ = T n G± is the standard maximal 
torus of G\. 
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5.1. The Gi-action on M . We have the following lemma: 

Lemma 5.1. Let M be a torus manifold with G-action. Suppose G = G\ x G 2 
with G\ = SU(Ji + 1) elementary. Then the W{S{U{1\) x U(l)))-action on 3i has 
an orbit with l\ elements and there is a component N± 0/ Ha/ eV w hich 
contains a T -fixed point. 

Proof. We know that W(SU(h + 1)) = S h+1 = S($x) and W(S(U(h) x [7(1))) = 
«S/j C S'ij+i. Therefore the first statement follows. Let x G M T . Then, by Lemmas 
13.31 and 13.41 x is contained in the intersection of l\ characteristic submanifolds of 
M belonging to 3i- Because W(Gi) = S($i) there is a g G A^Ti such that 
gx G rU/iGj; Mi. Therefore the second statement follows. □ 

Remark 5.2. We will see in Lemma \b . 1 01 that f] M . e ^, Mi is connected. 

Lemma 5.3. Let M be a torus manifold with G-action. Suppose G = G\ x G2 
with G\ — SU{1\ + 1) elementary. Furthermore, let N\ as in Lemma \5.1\ Then 
there is a group homomorphism ipi : S(U(li) x U(l)) — > i?(G 2 ) such that, with 

H = SU(h +1) x imtpu 

H l = S(U(h) x U(l)) x im^i, 

H2 = {(5,^1(5)) G H^g G S(U(h) x U(l))}, 

(1) im^i is the projection of \{Mi) to G2, for all Mi G 

(2) N\ is a component of M H2 , 

(3) N\ is invariant under the action of G2, 

(4) M = G1N1 = H Nx. 

Proof. Denote by T2 the maximal torus T PI G2 of G 2 . Let x G . If x G 
M sc/(ii+i) j then we nav6j by Lemma [3~4l the SU(h + 1) x T 2 -representation 

rt— ii 
i=2 

where W is the standard complex representation of SU(l\ + 1) or its dual and the 
Vi are one-dimensional complex representations of T 2 . Because G2 acts effectively 
on M the weights of the Vi form a basis of the integral lattice in LT£ ■ From the 
description of the weight spaces of T X M given in the proof of Lemma 13.41 we get 
that T x Ni is S(U(li) x [/(l))-invariant and that there is a one-dimensional complex 
representation W\ of S{U{1\) x U{1)) such that 

n — 1 1 

Now assume that x is not fixed by SU(li + 1). Because, by Lemma \3. 11 G\x C 
M 7 * 2 is Gi-equivariantly diffeomorphic to CP' 1 , we see by the definition of iVi that 
G lx = S(U(h) x U(l)). 

At the point x, we get a representation of S(U(li) x U(l)) x T 2 of the form 

T X M — T X N\ © T x G\x. 
Since T 2 acts effectively on M and trivially on G\x, there is a decomposition 

n — 1 1 

T X N X = Vi ®c Wi, 

i=l 

where the W 4 - are one-dimensional complex S(U(li) x [/ (l))-representations and the 
Vi are one-dimensional complex ^-representations whose weights form a basis of 
the integral lattice in LT 2 *. 
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Therefore, in both cases, there is a homomorphism ipi : S(U(li) x U(l)) — > 
S 1 -> T 2 such that, for all g E S(U(h) x U(l)), (g,ipi(g)) acts trivially on T X N X = 
erj"/ 1 Vi ®c Wi. 

Hence the component of the identity of the isotropy subgroup of the torus T for 
generic points in N\ is given by 

(5.1) H 3 = {(t,Mt)) GTi xT 2 }. 
With Lenima rB.il we see that 

(5.2) H 3 = (A (Mj); M< £ M D Wt>. 

Because the Weyl-group of G 2 acts trivially and orientation preserving on 3i, 
A(Mj), Mi s 3l, is pointwise fixed by the action of W(G2) on T by Lemma [2.101 
It follows with (|5.2p that i?3 is pointwise fixed by the action of W(G2) on T. Here 
W(G2) acts on T by conjugation. Therefore the image of ipi is contained in the 
center of G^. Furthermore imi\)\ is the projection of A (Mi), Mi 6 #1, to T 2 . 

Because H 3 commutes with G2 it follows that N\ is G2-invariant. So we have 
proved the first and the third statement. 

Now we turn to the second and fourth part. 

Because T X N X = (T x M) Hi = (T X M) H2 , Ni is a component of M 1 * 2 . Because, by 
Lemma lA.21 Hi is the only proper closed connected subgroup of Hq, which contains 
H% properly, for y € N\ there are the following possibilities 

• H 0y = H 0, 

• Hq v — Hi and dim H y = 2li, 

• H° y = H 2 and dim H y = 2l x + 1, 

where H® y is the identity component of the stabilizer of y in Hq. If g £ Hq such 
that gy e Ni, then we have H$ gy = gH^ y g~ x e {H Q ,H 1 ,H 2 }. Therefore 



9 G N Ho H° = 



'H if y e M H ° 

i?i if y £ M H ° and /1 > 1 

iV Gl Ti x im^i if H% y = H x and l x = 1 

x imV>i if = #2,Zi = 1 and imr/'i 7^ {1}. 



Now let y £ Ni such that H® y / i?o- Because N\ is a component of M H2 and 
i?o2/ is i?2 invariant, NiDHoy is a union of some components of (Hoy) H2 . Therefore 
Ni n Hoy is a submanifold of M. Moreover, 

TyN! n T y H y = (T y M) H2 n T y ff ?y = (T y H y) H2 = T y (N t n flolO- 

Hence, 

dimTyiVi n T^i/o?/ = dimiVi n i? y < dimity 

= dimff 1 /<,= <f° i{H {v = H i 

' ° y \l if ff ° y = # 2 and im^i ^ {1} 



follows. Therefore JVi intersects Hoy transversely in y. It follows, by Lemma TA. 51 



that GN X - ATf = HqTVx - iVf is an open subset of M. 

Because M is connected and codimM" > 4, M — Af^ is connected. Since 
(M - M ff °) n i/oA^i = Hom - is closed in M - M H ° , we have M - M H ° = 
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H Nx - N^°. Hence 

M = (M - M H °) II M H ° = (HqNi - N?°\ n M H " 

'h q n 1 - n^°) n (m Ho n Ni) u (m Ho - ivf 





H Ni u (m Ho - n" 



Because iVi is a component of M H2 , is a union of components of M H °. 

Therefore M H ° - is closed in M. Because HqNx is closed in M it follows that 
M = GNi = ifo-^i = GiNi. □ 



The following lemma guarantees together with Lemma lA. 31 that, if lx > 1, then 
the homomorphism is independent of all choices made in its construction namely 
the choice of Nx and of a; € . 

Lemma 5.4. In the situation of Lemma \5.3\ let T' = Ti or T' — hniftx- Then the 
principal orbit type of the G\ x T' -action on M is given by (G\ x T')/H%. 

Proof. Let H C G\ x T' be a principal isotropy subgroup. Then, by Lemma 15.31 
we may assume H D i?2- Consider the projection 

7i"i : Gi xT'-> Gi 

on the first factor. 

At first we show that the restriction of irx to is injective. Because (Gi x T')^ n 
T" = T!£ for all x 6 M and the T'-action on M is effective there is an x G M such 
that 

{G x xT') x nT' = {!}. 

Furthermore, there is an g G G\ x T" such that (Gi x T% D gHg~ x . 
Because T' is contained in the center of G\ X T", we get 

gHg-'nr = {1}, 

Hng- 1 T'g = {l}, 

HOT' = {1}. 

Therefore the restriction of 7Ti to 7? is injective. 

Furthermore, m(H) D ni(H 2 ) = S(U(h) x Therefore, by Lemma EQ 

we have 



7Tl(ff) = 



SC/(ii + l),S(;7((i)x[/(l)) ifli>l 
St/^ + 1), S(l/(Zi) x [/(l)), AT Gl T! if h = 1. 

There is a left inverse <^> : %x(H) — > H M> G\ x T' to 7rx|fr- Therefore there is a 
group homomorphism ip' : ni(H) T' such that 

H = faxiBj) = {(g,Tp'(g)) 6 Gi x T'; 3 G 7n(#)}. 

Because #2 is a subgroup of H, we see that ip'\s(u(h)xu(i)) — 

At first we discuss the cases m(H) = SU(h + 1) and ttx(H) = S(U(h) x f7(l)). 
Because T 1 is abelian we have in these cases 

'd if7ri(H) = Sl7(Zi + l) 
Hi iiirx(H) = S(U(lx)xU(l)). 

The first case does not occur because G\ acts non-trivially on M. 

Now we discuss the case h = 1 and wx(H) = Ng x Tx. Because for t G Tx and 
g G A r c 1 Ti — Tx we have 



H = cj>{irx{H)) 
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it follows that ipi is trivial in this case. 

Let x £ M T . Then it follows by the definition of ipi in the proof of Lemma \5. 31 
that x is not a fixed point of G\ . By Lemma 13.11 we know that 

G lx = S(U(l 1 )xU(l))=T 1 . 

Therefore (G x x T% = T 1 xT l is abelian. But H is non-abelian if Ki(H) = N Gx Ti. 
This is a contradiction because H is conjugated to a subgroup of (G\ x T') x . □ 

If h = 1, we have #5i = 2 and W(S(U(h) x 17(1))) = {1}. Therefore there are 
two choices for N\. Denote them by Mi and M2. 

Lemma 5.5. In £/ie situation described above let ipi be the homomorphism con- 
structed for Mi, i = 1,2. Then we have tp x = ^2 • 

Proof. By (15TT1) and we have 

A(Mj) - {(t,Vi(*)) 6 t G 5(tf(l) x f/(l))}. 

Now, with Lemma 12.101 we see 

\{M X ) = g\(M 2 )g- 1 = {(t" 1 ,^*)) £ Hi, t £ S(U(l) x 17(1))} 

= {(t^ 2 (t)- v ) g Hi; t e S(E7(1) x 17(1))}, 

where 5 £ N Gl Ti — T\. Therefore the result follows. □ 

Corollary 5.6. If in the situation o f Lemma \5.3\ the G\-action on M has no fixed 
point, then M is the total space of a G-equivariant fiber bundle over CP h with fiber 
some torus manifold; more precisely M = i7o X-Hx N±. 

Proof. H Xjjj Ni is defined to be the space H x N\/ ~i, where 

(91,2/1) ~i (92,2/2) 
3h £ Hi gih^ 1 = g 2 and hyi = y 2 . 
By Lemma \5. 31 we have that M = HqNi — (Ho x Ni)/ <~2, where 

(5i,2/i) ~2 (52,2/2) 
5i2/i = 522/2- 

We show that the two equivalence relations ~i, ^2 are equal. 
For (51,1/1), (52, 52) G H x Ni we have 

5i2/i = 5252 

3/i e N Ho H% yi gih' 1 = g 2 and %i = y 2 

3/i G £fi g\h~ l = g 2 and Ziyi = 1/2 • 

For the last equivalence we have to show the implication from the second to the 
third line. If l\ > 1, Nh Hq Vi is equal to Hi because yi is not a i7o-fixed point. So 
we have h £ H±. 

If 1 1 = 1, then Ni is a characteristic submanifold of M belonging to 3l. If 
Hq Vi = H 2 we are done because Nh Hq Vi = Hi. 

Now assume that HfL 1 = Hi and there is an h £ N Gl Ti x im^i — T x x im^i 
such that y 2 = hyi £ Ni. Then y 2 £ Ni (~\ N 2 C M TlXim,/ ' 1 , where iV 2 is the other 
characteristic submanifold of M belonging to 3i. 

As shown in the proof of Lemma 15.31 iVi intersects Hoy 2 transversely in y 2 . 
Therefore one has 

T y2 Ni © T y2 H y 2 = T y2 M = T y2 N 2 © T y2 H Q y 2 
as Ti x im?/>i-representations. This implies 

Ty 2 Nl = Ty 2 N 2 
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as T\ x im^i-represcntations. Therefore T\ x im^i acts trivially on both Ni and 
N 2 . Therefore we have vctiipi = {1} and \{N\) — \(N2) = T\. Hence, we get a 
contradiction because the intersection of N± and iVjj is non-empty. □ 

Corollary 5.7. In the situation of Lemma \5.3\ we have M Gl = M H ° = f) M . e $ 1 Mi- 
Proof. At first let h > 1. By Lemma IQ1 we know M H ° C M Gl C N ± . There- 
fore M Gl C HgeNG^gNi = fW 5l M *- There is a 3 G JV Gl Ti - T x with 
gH 2 g~ x <jt Hi. Thus, the subgroup {H 2 ,gH 2 g~ 1 ) of i?o, which is generated by 
i?2 and gHg~ x , contains i?2 as a proper subgroup. Therefore {H 2 ,gH 2 g~ 1 ) = Hq 
follows by Lemma [A. 21 Because H 2 acts trivially on Ni, this equation implies 

M H ° D f| gNi = f| Mi. 

Now let ii = 1. Then contains two characteristic submanifolds Mi and M 2 . 
As in the first case one can show that M H ° C M Gl C Mi D M 2 . 

So M ff ° D Mi n M2 remains to be shown. Assume that there is an y £ Mi n 
M 2 — M H °. Then we also have y £ M Hl . Now the above assumption leads to a 
contradiction as in the proof of Corollary 15.61 □ 

Corollary 5.8. If in the situation of Lemm,a \5.3\ it>i is trivial, then M Gl is empty. 
Otherwise the normal bundle of M Gl = M = p| M Mj possesses a G-invariant 
complex structure. It is induced by the action of some element g £ im ipi . Further- 
more, it is unique up to conjugation. 

Proof. If tpi is trivial, then (A(Mj);Mj £ Ji) is contained in the h -dimensional 
maximal torus of Gi by Lemma \b. 31 By Corollary 15.71 and Lemma TB. 11 it follows 
that M H ° is empty. 

If ipi is non-trivial, then for y £ M H ° we have 

N y (M Ho ,M) = V C ®V VL , 

where im ipi acts non-trivially on the i/o-representation Vc and trivially on the Hq- 
representation Vk . Clearly Vc has at least real dimension two and the action of im ipi 
induces a iJo-invariant complex structure on Vc- Because M Ha has codimension 
2/i + 2 by Corollary 15 . 71 and Lemma TB. II the dimension of Vr is at most 2l\. So it 
follows from [19, p. 53-54] that Vr is trivial if li ^ 3. 

If li = 3, we have SU(4) = Spin(6), and there are two possibilities: 

(1) Vr is trivial. 

(2) Vr is the standard representation of SO(6) and Vc a one-dimensional com- 
plex representation of im ipi . 

Because the principal orbits are dense in M, it follows with the slice theorem 
that the principal orbit types of the 7?o-actions on N y (M H ° , M) and M are equal. 
Therefore in the second case the principal orbit type of the i?o-action on M is given 
by Spin(6) x S' 1 /Spin(5) X {1}. Therefore we see with Lemma I5~4l that the second 
case does not occur. 

Because of dimension reasons we get 

N y (M H ° , M) = Vfc = W ®c V, 

where W is the standard complex representation of SU (li + 1) or its dual and V is a 
complex one-dimensional im V'l-representation. Because im^i C Z(G), we see that 
N(M H ° , M) has a G-invariant complex structure, which is induced by the action 
of some g £ im^i. 

Next we prove the uniqueness of this complex structure. Assume that there is 
another g' £ Z(G)P\G y whose action induces a complex structure on N y (M H °, M). 
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Then g' induces a - with respect to the complex structure induced by g - complex 
linear Po-equivariant map 

J : N y (M H ° , M) — > N y (M Ha , M) 

with J 2 + Id = 0. Because N y (M H ° , M) is an irreducible TJo-representation it 
follows by Schur's Lemma that J is multiplication with ±i. Therefore g' induces 
up to conjugation the same complex structure as g. □ 

Corollary 5.9. If in the situation of Lemma \5.S\ M Gl = M H ° ^ %, then ker?/>i = 
SU(h). 

Proof. Let y G M H ° . Then by the proof of Corollary 15.81 we have 

N y (M H ° , M) = W® c V, 

where W is the standard complex SU(l\ + 1 ^representation or its dual and V is a 
one-dimensional complex im?/>i-representation. Furthermore, im^i acts effectively 
on M. 

Because the principal orbits are dense in M, it follows with the slice theorem 
that the principal orbit types of the Po-actio ns on N y (M H ° , M) and M are equal. 
Therefore a principal isotropy subgroup of the Po-action on M is given by 

H={(g,g?i)€H 1 ;g=(n n ° ) G S(U(h) * U(l)) with A e U{l x ) 



9h- 



Now the statement follows by the uniqueness of the principal orbit type and Lem- 
mas H3] and [0] □ 

Lemma 5.10. In the situation of Lemma \5.1l the intersection Hm e5' ^ = ^i 
is connected. 

Proof. Let M be the blow up of M along M Gl and N% the proper transform of N% 
in M. By Corollary 15.61 we have M = Ho Xh 1 Ni, which is a fiber bundle over 
CP' 1 . The characteristic submanifolds of M, which are permuted by W(G\), are 
given by the preimages of the characteristic submanifolds of CP' 1 under the bundle 
map. By Corollary 14.41 and the discussion following this corollary, they are also 
given by the proper transforms Mi of the characteristic submanifolds Mi £ 5i of 
M. Because l\ characteristic submanifolds of CP' 1 intersect in a single point we see 
p| M e y Mi — N±. Therefore this intersection is connected. Because Hm e5' ^ ' s 
mapped by F to rU^es; we see ^AUe^^ % = N\ is connected. □ 

5.2. Blowing up along M 1 . By blowing up a torus manifold M with G-action 
along M Gl one gets a torus manifold M without G\ -fixed points. 

Denote by N\ the proper transform of N\ as defined in Lemma 15.11 Then by 
Corollary 14. 51 there is a (Hi, G2)-equivariant diffeomorphism F : N± — > Ni. 

As in section HI we denote by M = Pc(N(M Gl , M) © {0}) the exceptional 
submanifold of M. Because Mq n Ni is mapped by this diffeomorphism to M Gl — 
M Ha = Ni°, Hi acts trivially on M n Ni. By Corollary \5M we know that M is 
diffeomorphic to H x Hl Ni = H x Hl Ni. 

A natural question arising here is: When is a torus manifold of this form a blow 
up of another torus manifold with G-action? 

We claim that this is the case if and only if Ni has a codimension two subman- 
ifold, which is fixed by the ifi-action and keripi = SU(li). 

Lemma 5.11. Let N± be a torus manifold with G^-action, A a closed codimension 
two submanifold of N\, ipi £ Honi(S(U(li) x [/(!)), Z(G2)) such that im^i acts 
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trivially on A and ker^i = SU(h). Let also 

H a = SU(h + 1) x im^i, 

H x = S(U(h) x U(l)) x im^i, 

h 2 = {( g ,Mg));g ^ s(u(h) x u(i))}. 

(1) Then H x acts on JVi by (g,t)x — ip x (g)~ 1 tx, where x 6 N% and (g,t) £ H±. 

(2) Assume that Z{G<i) acts effectively on N\ and let y £ A and V the one- 
dimensional complex Hi-representation N y (A, N\). Then V extends to an 
li + 1-dimensional complex representation of Hq. Therefore there is an l\ + 
1-dimensional complex G-vector bundle E' over A which contains N(A, N±) 
as a subbundle. 

(3) Then the normal bundle of Hq/ Hi x A in Hq Xh x Ni is isomorphic to the 
tautological bundle over Pc(E' © {0}). 

The lemma guarantees together with the discussion at the end of section @] that 
one can remove Hq/Hi x A from Hq xjj 1 Ni and replace it by A to get a torus 
manifold with G-action M such that M Hq = A. The blow up of M along A is 
Hq x Hl Nl 

Proof. (1) is trivial. 

(2) For i= + 1 let 



9l 



A 4 : Ti — > S 1 



and li : im-0i — > S 1 the character of the im^i representation N y (A, N\). Then li 
is an isomorphism. 

And by [U p. 176] the character ring of the maximal torus T\ x vmipi of Hi = 
S(U(h) x U(l)) x imV>i is given by 

R(Ti x imV'i) = Z[Ai, . . . , A il+ i, (i, ^ _1 ]/(Ai • • • A; 1+ i - 1). 

With this notation, the character of V is given by /lA^^. Therefore the Hq- 

representation W with the character /i X^LV ^f 1 is h + 1-dimensional and V C W. 

Let G2 = G' 2 x imipi and E" = N(A,N\) equipped with the action of G' 2 , but 
without the action of Hi. Then E' = E" <S>c W is a G-vector bundle with the 
required features. 

Now we turn to (3). The normal bundle of Hq/Hi x A in Hq Xh x Ni is given by 
H x Hl N(A,Ni). 

Consider the following commutative diagram 

H x Hl N(A,Ni) — ^ P C {E' © {0}) x E> 



Hq/Hi x A »- P C {E> © {0}) 

where the vertical maps are the natural projections and /, g are given by 
f{[(hi, h 2 ) :m]) — {[m® h 2 hie{\,m ® h 2 h x ei) 

and 

g([hi, h 2 ],q) = [m q ® h 2 hiei], 

where e x e W - {0} is fixed such that for all g' G S(U(h) x U(l)) ip 1 (g')g'e 1 = e x 
and Triq 7^ some element of the fiber of N(A, Ni) over q E A. 
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The map / induces an isomorphism of the normal bundle of Hq/Hi x A in 
H x Hl N± and the tautological bundle over Pc(E' ffi {0}). □ 

5.3. Admissible triples. Now we are in the position to state our first classification 
theorem. To do so, we need the following definition. 

Definition 5.12. Let G = Gi X G 2 with Gi = SU{h + 1). Then a triple (tp, N, A) 
with 

• ip e Rom(S(U(h) x U(1)),Z(G 2 )), 

• N a torus manifold with G2-action, 

• A the empty set or a closed codimension two submanifold of N, such that 
imip acts trivially on A and ker^ = SU(li) if A ^ 0, 

is called admissible for (G, Gi). We say that two admissible triples (ip,N,A), 
(tp',N',A') for (G, Gi) are equivalent if there is a G2-equi variant diffeomorphism 
<f>: N N' such that <j)(A) = A' and 



ip 1 if /i > 1 
V^ 1 if «i = 1. 



Theorem 5.13. Let G = Gi x G 2 with G\ = SU(h + 1). There is a one-to-one- 
correspondence between the G-equivariant diffeomorphism classes of torus manifolds 
with G-action such that G\ is elementary and the equivalence classes of admissible 
triples for (G, Gi). 

Proof. Let M be a torus manifold with G-action such that G± is elementary. Then, 
by Corollaries l5 . 71 and 15 .91 (if>i,N%, M H °) is an admissible triple, where ipi is defined 
as in Lemma 15.31 and N\ is defined as in Lemma 15.11 

Let (ip, N, A) be an admissible triple for (G, Gi). If A ^ 0, then, by Lemma f5. Ill 
the blow down of Hq N along HqJ H\ x A is a torus manifold with G-action. 
If j4 = 0, then we have the torus manifold Hq x^ AT. 

We show that these two operations are inverse to each other. Let M be a 
torus manifold with G-action. If M Ha = 0, then, by Corollary 15.61 we have M = 
Ho ><Hi -^i- If M H ° ^ 0, then by the discussion before Lemma 15.111 M is the blow 
down of H x Hl Ni along Ho/ Hi x M H °. 

Now assume l\ > 1. Let (?/>, AT, A) be an admissible triple with A ^ and M the 
blow down of TJo x^ N along Ho /Hi x A. Then, by the remark after Lemma 15.111 
we have A = M H ° . By Lemma [5~TU1 and Corollary [OJ we have N = N x . With 
Lemmas 15. 4l and lA.3l one sees that ip = tpi, where ipi is the homomorphism defined 
in Lemma T5. 31 for M. 

Now let (ip, N, 0) be an admissible triple and M = Ho x^ N. Then we have 
M H ° = 0. By Lemma T5. 101 we have N = Ni. As in the first case one sees ip = ipi- 

Now assume h = 1. Let (?/>, AT, A) be an admissible triple with A ^ and M the 
blow down of Hq Xjjj A" along Ho /Hi x A. Then, by the remark after Lemma 15 .111 
A = M H °. By Lemma T5. 5 1 we have two choices for Ni and ip = ipi- Because the 
two choices for Ni lead to equivalent admissible triples we recover the equivalence 
class of (t/j, N, A). In the case A = a similar argument completes the proof of the 
theorem. □ 

Corollary 5.14. Let G = Gi x G 2 with Gi = SU(h + l). Then the torus manifolds 
with G-action such that Gi is elementary and M Gl ^ are given by blow downs 
of fiber bundles over CP' 1 with fiber some torus manifold with G 2 -action along a 
submanifold of codimension two. 



Now we specialise our classification result to special classes of torus manifolds. 



28 



MICHAEL WIEMELER 



Theorem 5.15. Let G = G\ x G 2 with G\ — SU(l\ + 1), M a torus manifold with 
G-action and (ip, N, A) the admissible triple for (G, G\) corresponding to M . Then 
H*(M]1) is generated by its degree two part if and only if H*(N;1) is generated 
by its degree two part and A is connected. 

Proof. To make the notation simpler we omit the coefficients of the cohomology in 
the proof. If H*(M) is generated by its degree two part, then H*(N) is generated 
by its degree two part by [TI>J p. 716]. Moreover, A is connected by [151 P- 738] 
and Corollary 15.71 

Now assume that H*(N) is generated by its degree two part and A = 0. Then 
by Poincare duality H dd(N) = 0. Therefore by an universal coefficient theorem 
H*(N) = Hom(.H*(iV), Z) is torsion free. By CorollaryEH M is a fiber bundle over 
CP' 1 with fiber N. Because the Serre-spectral sequence of this fibration degenerates 
we have 

H*(M) = H*(CP h ) <g> H*(N) 

as a H* (CP' 1 )-modul. Because H* (N) is generated by its degree two part, it follows 
that the cohomology of M is generated by its degree two part. 

Now we turn to the general case A ^ 0. Then, by [15, p. 716], H*(A) is generated 
by its degree two part. Moreover, H*(N) — > H*(A) is surjective. Let M be the 
blow up of M along A and F : M — > M the map defined in section |U 

Because, by Lemma 14.21 F is the identity outside some open tubular neighbor- 
hood of A x CP' 1 , the induced homomorphism F* : H* (M, A) H* (M, A x CP' 1 ) 
is an isomorphism by excision. Furthermore, the push forward Pi : H*(M) — > 
H*(M) is a section of P* : H*(M) ->• H*{M). Therefore F* : H*{M) -> H*(M) 
is injective and P odd (M) vanishes. 

Because A is connected, we have the following commutative diagram with exact 
rows and columns: 



^P 2 (CP (l ) 



^P 2 (CP (l ) 



H 2 (M,Ax CP' 



H 2 {M) 



H 2 (A x CP' 1 ) 



H 3 (M,Ax CP' 1 ) 



H 2 {N, A) 



H 2 (N) 



■H 2 (A) 





Now from the snake lemma it follows that 

H 2 (M,A) = F , H 2 (M,A x CP' 1 ) ^ H 2 (N,A) 



and 



iJ a (M, A) = F , H' A {M,Ax CP' 1 ) 
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Because lnm = F o l n ^ {1 where lnm, l nm are the inclusions of N in M and M, 
the left arrow in the following diagram is an isomorphism. 

H 2 (M 7 A) ^ H 2 (M) ^ H 2 (A) ^ 



L N M 



Id 



'-JVM 

*- H 2 {N, A) *- H 2 (N) *- H 2 (A) 

Therefore it follows from the five lemma that 

H 2 (M) = H 2 {N) 

and 

H 2 (M) = H 2 (CP h ) 8 H 2 (N) = H 2 (CP h ) © H 2 (M). 
Let t e H 2 (CP h ) be a generator of H*(CP h ) and x £ H*(M). Then, because 
H*{M) is generated by its degree two part, there are sums of products Xi £ H*(M) 
of elements of H 2 (M) such that 

x = FF*(x) = F (Vf*^)**) =^x i F,(f). 

Therefore it remains to show that P(P) is a product of elements of H 2 (M). 

The Zi + 1 characteristic submanifolds Mi, . . . , Mi ± +i of M which are permuted 
by W(Gi) are the preimages of the characteristic submanifolds of CP' 1 under the 
projection M — > CP' 1 . Therefore they can be oriented in such a way that t is the 
Poincare-dual of each of them. 

Because F restricts to a diffeomorphism M—AxCP' 1 —> M —A and F{Mi) = Mi, 

F'.(t l )i i < ii, is the Poincare-dual PD ^rii<fe<i Mkj of the intersection Hi<fe<i 
of characteristic submanifolds of M, which belong to Therefore for i < l\ we 
have 



F,(ty=PD fl M fc =Pi(f 



yi<fe<i 

Because t % = for i > Zi, the statement follows. □ 

Theorem 5.16. Let G = Gi x G2 Gi = SU(l\ + 1), M a Zorws manifold with 
G-action and (tp, N, A) the admissible triple for (G, G\) corresponding to M . Then 
M is quasitoric if and only if N is quasitoric and A is connected. 

Proof. At first assume that M is quasitoric. Then N is quasitoric and A connected 
because all intersections of characteristic submanifolds of M are quasitoric and 
connected. 

Now assume that N is quasitoric and A C N connected. Then, by Theorem 15. 151 
and [HI p. 738], the T-action on M is locally standard and M/T is a homology 
polytope. We have to show that M/T is face preserving homeomorphic to a simple 
polytope. 

Let T-2 = T n G2. Then the orbit space N/T2 is face preserving homeomorphic 
to a simple polytope P. Because A is connected, A/T2 is a facet Pi of P. 
With the notation from Lemma \5. Ill let 

B = {{zq : 1) e P C (E' © C); z € E', \z \ < 1}. 

Then the orbit space of the T-action on B is given by Pi x A il+1 . 

Let B' be a closed G-invariant tubular neighborhood of Ho/ Hi x A in Hq Xj^ TV. 
Then the bundle projection dB' Hq / H\ x A extends to an equivariant map 

H x Hl N-B' ^H x Hl N, 
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F 1 x A 2 P xA 1 P xA 2 

Figure 1. The orbit space of a blow down 



which induces a face preserving homeomorphism 

f H x Hl N - B') /T = P x A' 1 . 



Now M is given by gluing B and Hq x^ N — B' along the boundaries dB, dB' . 
The corresponding gluing of the orbit spaces is illustrated in Figure Q] for the case 
dimJV = 2 and li = 1. Because the gluing map / : dB —> dB' is G-equivariant and 
Gi acts transitively on the fibers of dB — > A and dB' — > A, it induces a map 

/: Ft x A' 1 = dB/T -»• &B'/T = F x x A' 1 , -> (fi(x), fr(x,y)), 

where f% : F% —> Pi is a face preserving homeomorphism and : F\ x A' 1 — > A' 1 
such that, for all x £ F\, f 2 (x, •) is a face preserving homeomorphism of A' 1 . 
Now fix embeddings 

A h + 1 ^ R h + 1 and p ^ E n-li-l x [ Q) ^ 

such that A' 1 C R' 1 x {1} and A' 1+1 = conv(0, A' 1 ) and PnR™"' 1 " 1 x {0} = F v 
Denote by pi : K' 1+1 — > R and p 2 : R"~ Zl — > R the projections on the last 
coordinate. For e > small enough, P and P n {p2 > e} are combinatorially 
equivalent. Therefore there is a face preserving homeomorphism 

5l :P^Pn{p 2 >£} 

such that <?i(Fi) = Pfl {p 2 = e} and gi(Fi) — Pj fl {p2 > e} for the other facets of 
P. The map 

52 : Fi x [0, 1] -> P n {p 2 < e} 

(x,y) ^ x(l - y) + ygi(x) 

is a face preserving homeomorphism with p 2 og 2 (x, y) = ey for all (x, y) € Pi x [0, 1]. 
Now let 



p 


= P x A 


1+1 n {pi 


= p 2 } C ft"" 11 x R' 1+1 , 


Pi 


= P x A 


1+1 n { Pl 


= P2 > (-} C R""' 1 x R /l+1 


p 


= P x A 


1+1 n {pi 


= P2 < e} C R" - ' 1 x R il+1 



Then there are face preserving homeomorphisms 

h x : P x A' 1 -> A (aj,y) h> ( 5l (a), p 2 (ffi(s))y) 

and 

h 2 : Pi x A' 1+1 -> P 2 i ^ ( 9 2(x, Pl (y)),ey). 

We claim that P and M/T are face preserving homeomorphic. This is the case if 
f- 1 o h^ 1 oh 2 :F 1 x A h -> Pi x A' 1 
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extends to a face preserving homeomorphism of F\ x A' 1+1 . Now for (x,y) € 
Fi x A' 1 we have 

r 1 o h^ 1 o h 2 {x,y) = f~ l o h^ 1 (g 2 (x,p 1 (y)),ey) 

= f- 1 oh^ 1 (g 2 (x,l),ey) 

= f^Hai 1 °92{x, l),y) 

= {fc l {xUh{x,.))-\y)). 

Because A' 1+1 is the cone over A' 1 this map extends to a face preserving homeo- 
morphism of Fi x A' 1+1 . □ 

Lemma 5.17. Let G = G\ x G 2 with G\ = SU(l\ + 1), M a torus manifold with 
G -action and (ip, N, A) the admissible triple for (G, G\) corresponding to M . Then 
there is an isomorphism tti(N) — > tti(M). 

Proof. Let M be the blow up of M along A. Then, by [HI p. 270], there is a 
isomorphism ni(M) — > ni(M). 

Now, by Corollary 15.61 M is the total space of a fiber bundle over CP' 1 with 
fiber N. Therefore there is an exact sequence 

7T 2 (M) 7r 2 {CP h ) -> 7Tl(JV) 7Tl(M) 0. 

Because the torus action on N has fixed points, there is a section in this bundle. 
Hence, ir 2 (M) — > ir 2 (CP l1 ) is surjective. □ 

6. The case Gi = SO(2h) 

In this section we study torus manifolds with G-action, where G = G\ x G 2 and 
Gi = SO(2li) is elementary. It turns out that the restriction of the action of Gi to 
U(li) on such a manifold has the same orbits as the action of SO(2li). Therefore 
the results of the previous section may be applied to construct invariants for such 
manifolds. For simply connected torus manifolds with G-action these invariants 
determine their G-equivariant diffeomorphism type. 

Let G = Gi x G 2 , where Gi = SO{2l\) is elementary, and M a torus manifold 
with G-action. Then, by Lemmas 13.11 and 13.41 one sees that the principal orbit 
type of the Gi-action is given by SO(2l{) / SO{2l\ — 1). Therefore the Gi-action 
has only three orbit types SO{2h)/ SO(2h - 1), SO{2h) / S(0{2h - 1) x 0(1)) and 
SO{2l\) / SO{2l\). The induced action of U{1\) has the same orbits, which are of 
type U(h)/U(h - 1), U(h)/{U(h - 1),Z 2 ) and U(h)/U(h), respectively. Here 
(U(li — 1),Z 2 ) denotes the subgroup of U(li), which is generated by U(h — 1) and 
the diagonal matrix with all entries equal to —1. 

Let S = S . Then there is a finite covering 

SU{h) X S ->■ U(h) (A,s)^sA. 

So we may replace the factor Gi of G by SU(li) and G 2 by S x G 2 to reach the 
situation of the previous section. 

Let x G M T and T 2 = TC\G 2 . Then we may assume by Lemma 13.41 that the 
Gi x T 2 -representation T X M is given by 

T X M = V W, 

where V is a complex representation of T 2 and W is the standard real representation 
of G\. Therefore 

T X M = V © V ®c W 
as a SU (l\) xS*xT 2 -representation, where Vq is the standard complex one-dimensional 
representation of S and Wq is the standard complex representation of SU(l\). 
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Therefore the group homomorphism ipi and the groups Hq, Hi, H 2 introduced 
in Lemma \5 . 31 have the following form: 

im^i = S, 

and 

H = SU(h) x S, 

H 1 = S(U(h - 1) x [7(1)) x S, 

H 2 = eH i; g=[^ with A G U(h - 1) j . 

Let Ai be the intersection of l\ — 1 characteristic submanifolds of M belonging 
to $1 as defined in Lemmas 15.11 and 15.101 Then, by Lemma 15.31 we know that Ni 
is a component of M H2 and M — HqNi. Therefore we have Ai = M H2 if, for 
all iJ -orbits O, H2 is connected. Because all orbits are of type H /H a , H /H 2 , 
H a /(H 2 ,Z 2 ) and 

(H /H 2 f 2 = N Ho H 2 /H 2 = Hi/H 2 , 
(H Q /(H 2 ,Z 2 )) H2 = N Ho H 2 /(H 2 ,Z 2 ) = Hx/i^Zi), 

it follows that Ai = M H2 . 

The projection Hi — > H\jH 2 induces an isomorphism S — > H\jH 2 . Therefore 
S acts freely on (H /H 2 ) H2 . Hence, 5* acts effectively on N\. 

By Corollary 15. 71 N± = M H ° has codimension two in N\. 

After these general remarks we first discuss the case, where there are no ex- 
ceptional 50(2Zi)-orbits. That means the case, where there are no orbits of type 
SO(2l 1 )/S{0(2l 1 - 1) x 0(1)). Then the induced [/(Zi)-action has also no excep- 
tional orbits. Moreover, by Corollary 15. 71 M is a special 50(2/i)-, [/(Zi)-manifold 
in the sense of Janich [9 . 

At first we discuss the question under which conditions the action of U(li) x G 2 
on a torus manifold satisfying the above conditions on the U ^i)-orbits and having 
no exceptional C/(/i)-orbits extends to an action of SO(2li) x G 2 . 

Let X be the orbit space of the Z7(?i)-action on M. Then, by [HI p. 303], X is 
a manifold with boundary such that the interior A of A corresponds to orbits of 
type U{l\)/U{li — 1) and the boundary dX to the fixed points. The action of G 2 
on M induces a natural action of G 2 on A. 

Following Janich [9] we may construct from M a manifold M M^' 1 ) with 
boundary, on which U(l\) x G 2 acts such that all orbits of the £/(?i)-action on 
MQM U ^ are of type U(h)/U(h - 1) and (MOM"' 1 ')) /U(h) = X. Denote by 
Pm the G*2-equivariant principal S^-bundle 

(m0M i,(,i) ) [ ' (I1 1] -» A. 

Lemma 6.1. Let M be a torus manifold with U(l\) x G 2 -action such that all U(li)- 
orbits are of type U{1\) /U{1\ — 1) or U(li)/U(l\). Then the action ofU(li) x G 2 
on M extends to an action of SO(2l\) x G 2 if and only if there is a G 2 -equivariant 
Z 2 -principal bundle P' M such that 

Pm = S 1 x Z2 P' M , 

where the action of G 2 on S 1 is trivial. 

Proof. If the action extends to a 5*0(211) x G2-action, then 50(2/1) x G 2 acts on 

M®M u ( ll \ Therefore P' M = (M M u(h '>) SO{2ll ~ 1) — ^ A is such a G 2 -equi variant 
Z2-principal bundle. 
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If there is such a G2-equi variant Z2-bundle P' M , then by a G2-equi variant version 
of Janich's Klassifikationssatz [5] there is a torus manifold M' with SO(2l\) x G2- 
action with M'/U(h) = X and P M = S 1 x Za P' M = P M ,. Therefore M' and M are 
U(li) x G2-equivariantly diffeomorphic. □ 

Lemma 6.2. Let M,M' be torus manifolds with SO(2l\) x G2-action such that 
there are no exceptional SO (21 1)- orbits and H 1 (M;Z) and H\{M'; Z) are torsion. 
If there is a U(l\) x Gi-equivariant diffeomorphism f : M — > M' , then there is a 
50(2/i) x G2~equivariant diffeomorphism g : M M' . Moreover, g and f induce 
the same map on M/UQx) — B, where B is a collar of d(M/U(li)). 

Proof. The map / induces a G2-equivariant diffeomorphism f : X = M/SO(2l\) — > 
M'/SO(2h). We use this map to identify these spaces. It follows from [21 p. 91] and 
the equality Hi(X;Z) = 7Ti(X)/[tti(X), tti(X)] that Hi(X\1) is torsion. Hence, 
H 1 (X;Z)=0. 

Recall that for the universal principal Z2-bundle P — > MP 00 , the first Chern- 
class of the principal ^-bundle S 1 x% 2 P — > RP°° is given by 5wi(P), where 

5 : H 1 (RP°°;Z 2 ) -> ff 2 (KP°°;Z) is the Bockstein-homomorphism and Wi(P) is 
the first Stiefel- Whitney-class of P. By naturallity, this relation also holds for any 
principal Z2-bimdle over X. Because H 1 (X;Z) = 0, the Bockstein-homomorphism 

6 : H^X; Z 2 ) -> H 2 (X; Z) is injective. 

Hence, the principal S'^^-bundle Pm X has up to isomorphism at most one 
restriction of structure group to Z2. Therefore the two restrictions of the structure 
group induced by the 5*0(2/1 )-actions on M, M' are the same up to G2-equivariant 
isomorphism. 

Therefore, by the proof of Janich's Klassifikationssatz, there is a S'0(2/i) x G2- 
equivariant diffeomorphism g : M M' , which induces the same map as / outside 
a neighbourhood of dX. □ 

Now we turn to the case where there are exceptional 5'0(2/i)-orbits. Then we 
have: 

Theorem 6.3. Let M, M' be two simply connected torus manifolds with SO(2li) x 
G2~action. Then M and M' are SO(2l\) x G2-equivariantly diffeomorphic if and 
only if they are U(l\) x G2~equivariantly diffeomorphic. 

Proof. In this proof we take all cohomology groups with coefficients in Z. Let 
/ : M — >■ M' be a U(li) x G2-equivariant diffeomorphism. Moreover, let A, A' be 
the union of the exceptional J7(/i)-orbits in M, M', respectively. Because the U (li)- 
representation N x (M ulyll \M) is the standard representation for all x € M ulyll \ 
there are invariant neighbourhoods of M u ^ and M' u ( Ll ) which do not contain 
any exceptional orbit. Hence, A, A' are closed submanifolds of M,M'. 

Denote by D.D' the unit disc bundle in N(A,M) and N(A',M'), respectively. 
Let h : D ->• B C M and h' : D' ->• B' C M' be SO(2h) x G 2 -equivariant tubular 
neighbourhoods of A and A' . 

Then, by Theorems 4.6 and 8.3 of [TU1 p. 10,19] , we may assume that f(B) = B' 
and that h'^ 1 o / o h is a linear map. 

It is sufficient to show the following two things: 

(1) There is a 50(2/1) x G 2 -equivariant diffeomorphism g : M - B -> M' - B' 
such that g and / induce the same maps on (dB)/U(h). 

(2) The map g extends to an 50(2/i) x G2-equivariant diffeomorphism M — > 
M' . 

If H\(M — B) is torsion, we may apply the arguments from the proof of Lemma 
16.21 to show (fT]). Therefore we show that Hi(M — B) is torsion. 



34 



MICHAEL WIEMELER 



Let Ai, . . . ,Ak be the orientable components of A of codimension two in M. We 
fix orientations for each of these components and for M. Let n, . . . , Tfc G H 2 (M) be 
the Poincare duals for Ai, . . . , Afc. Because Hi(M) = 0, it follows from an universal 
coefficient theorem and Poincare-duality that 

H 2 (M) = Rom(H 2 (M),Z) = Hom(ff 2 ™- 2 (M), Z), 

where an isomorphism is given by 

a4(^4 {/3a, [M])). 

Here we have dimM = 2n. In particular, H 2 (M) is torsion free. 

We claim that the ri, . . . ,Tfc are linear independent. Let oi, . . . , <!& G Z such that 

fc 

(6.1) = ^a 4 r 4 . 

i=l 

Then we have = aii* Ai Ti where tA t : A,; — > M is the inclusion. By restricting to 
an orbit O contained in A4, we get 

= aiioi* A .Ti G H 2 (SO(2h)/S(0(2h - 1) x 0(1))) = Z 2 . 

Because AT(A;,M)|o = SO(2h)/SO(2h - 1) x Z2 R 2 with Z 2 acting on R 2 by 
multiplication with — 1, it follows that iQi A .Ti 7^ 0. Therefore ai is divisible by two. 

Hence, we may replace in (16.11) . Since the above arguments then hold 

for the new a,, we see that the original are divisible by arbitrary high powers of 
two. Therefore they must vanish. 

There is an exact sequence 

H 2n ~ 2 (M) -> H 2n - 2 {A) -> H 2n ^ 1 (M, A) -> 0. 

Because, by [21 p. 185], there are no components of A, which have codimension one 
in M, there is an isomorphism 

iJ 2 "- 2 (A) = Z fc © (Z 2 ) fc \ 

where fci is the number of non-orientable components of codimension two of A. Let 

cj) : H 2n - 2 {A) -> Z k 

a^{(a, [Ai]),...,(a, [A*])). 

Because the n, . . . , Tfc are linear independent, it follows that 4>ol* ; H 2n ~ 2 (M) — > Z k 
has rank k. 

Therefore, from the exactness of the above sequence, it follows that H 2n ~ 1 (M, A) 
is torsion. By Poincare-duality and excision, it follows that H\(M — B) is torsion. 
Hence we have proven (TT]). 

Now we prove §2$. By Theorem 9.4 of [TU1 p. 24], it is sufficient to show that 

k = h'- 1 ogoh:dD -> dD' 

extends to an SO(2li) x G2-equi variant diffeomorphism D —> D'. 

Let O be an <SO(2/i)-orbit in A and S —> O be the restriction of the sphere 
bundle dD — > A to O. Because / and g induce the same maps on the orbit space 
(dB)/U(h) and S is 50(2/1 )-invariant, we have k(S) = h'- 1 0/0 h(S) = S' . 
Because h'^ 1 o f o h : D — > D' is & linear map, we see that 5" is the restriction of 
the sphere bundle dD' -> A' to an 50(2/i)-orbit O' . 

We may choose 50(2/i)-equivariant bundle isomorphisms k\ : SO{2l\)/ SO(2li — 
1) x z . 2 S m -> 5 and k[ : SO(2h)/SO(2h - 1) x Z2 5 m -> 5'. Because / and g induce 
the same maps on the orbit space S/SO(2h) = 5 m /Z 2 = RP m and h'- 1 o / o ft is 
a linear map, it follows that k'^ 1 o g o k\ is of the form 

[550(2/i - l),x] i-> [ 5 z50(2/i - l),±Ax] = [550(2/1 - 1),±Ab], 
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where z £ S{0{2l x - 1) x 0(l))/SO(2h - 1) = Z 2 and A e 0{m + 1). There- 
fore k is linear on each fiber. Hence, it extends to an SO(2l\) x G2-equivariant 
diffcomorphism £)—>•£)'. □ 

Let M be a simply connected torus manifold with SO(2l±) x G2-action. By 
Theorem l5.13l there is an admissible triple (ip, N, A) corresponding to M equipped 
with the action of SU(h) x S x G2 as above. The admissible triple (ip,N,A) 
determines the SU(h) x S x G2-equivariant diffeomorphism type of M. With 
Theorem 16.31 we see that the SO(2li) x G2-equivariant diffcomorphism type of M 
is determined by (tp, N, A). 

Lemma 6.4. Let M be a torus manifold with G\ x Gi-action, where G\ — SO(2l\) 
is elementary and G2 is a not necessary connected Lie-group. If M so ( 2ll > is con- 
nected then G2 acts orientation preserving on N(M s °( 2h \M). Therefore G 2 
acts orientation preserving on M if and only if it acts orientation preserving on 

Proof. Let g G G 2 , x G M so{ - 21 ^ and y = gx G M so ( 2il ). Because Af so ( 2 'i) is 
connected there is a orientation preserving S'0(2Zi)-invariant isomorphism 

N x (M so ( 2ll \ M) S iY y (A/ so(2/l) ,M). 

Therefore 5 : N x (M so( - 2h \M) -> N y (M so( - 2ll \ M) induces an automorphism of 
the S l O(2Zi)-representation N x (M so ( 2Ll \ M) which is orientation preserving if and 
only if g is orientation preserving. 

Because, by Lemma [3.41 N x {M so ^ 2ll > , M) is just the standard real representa- 
tion of SO(2l 1 ), its complexification N x (M so(2ll \ M) ® R C is an irreducible com- 
plex representation. Therefore, by Schur's Lemma, there is a A G C — {0} such that 
for all a G N x (M so< - 2ll \ M) 

4>{a) ® 1 = 4> c {a ® 1) = a ® A. 

This equation implies that A G M — {0} and <j>(a) = Xa. Therefore <fi is orientation 
preserving. □ 



7. The case Gi = SO{2l x + 1) 

In this section we discuss actions of groups, which have a covering group, whose 
action on M factors through G = G\ x G2 with G\ = SO(2l\ + 1) elementary. In 
the case G\ = SO(3) we also assume #3i = 1 or that the principal orbit type of 
the S'0(3)-action on M is given by SO(3)/SO(2). 

It is shown that a torus manifold with G-action is a product of a sphere and a 
torus manifold with G2-action or the blow up along the fixed points of G\ is a fiber 
bundle over a real projective space. 

We assume that T\ = T n G\ is the standard maximal torus of Gi . 

7.1. The Gi-action on M. 

Lemma 7.1. Let G = G\ x G2 wi£/i Gi = SO(2li + 1), M a torus manifold with 
G-action such that G\ is elementary. Ifl\>\ there is, by Lemma \S.SX a component 
N\ o/p| M e ^ i Mi with Ni ^0. If l\ = 1 let Ni be a characteristic submanifold 
belonging to ■ Then 

(1) N\ is a component of M so ( 2ll \ 

(2) M = G x Ni. 
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Proof. Let x € iVf. Then, by Lemmas O GE1 and Remark GHJ G lx = SO(2h). 
Let T2 be the maximal torus T n G2 of G2. On the tangent space of M in x we 
have the SO(2li) x T2-representation 

T X M = N x {G x x, M) ® T x G lX . 



By Lemma [3.11 T2 acts trivially on GiX. Moreover, T2 acts almost effectively on 
N x [G\x, M). Therefore it follows by dimension reasons that N x (G\x,M) splits as 
a sum of complex one dimensional SO(2li) x T2-representations. If li > 1, SO(2li) 
has no non-trivial one-dimensional complex representation. Therefore we have 

(7.1) T X M = Q)V t ®W, 

i 

where the Vi are one-dimensional complex representations of T2 and W is the stan- 
dard real representation of SO(2li). 

If Zi = 1 and ##1 = 2, then SO(2li) acts trivially on N x (G±x, M) because 
50(3)/50(2) is the principal orbit type of the 50(3)-action on M H p. 181]. 

If Zi = 1 and ##1 = 1, then, by the discussion leading to Convention 13.51 50(2) 
acts trivially on N X (G\X, M). Therefore in these cases T X M splits as in (|7.1[) . 

Because N x (G\x,M) is the tangent space of N\ in x the maximal torus T\ of 
Gi acts trivially on N\. Therefore N\ is the component of M Tl , which contains x. 
Because T X N X = (T x M) Tl = {T x M) so( - 2h \ Nx is a component of M sol > 2ll \ 

Now we prove (2). Let y £ Ni. Then there are the following possibilities: 

• Giy = S(0(2h) x 0(1)) and dimGiy = 2l x . 

• Gi y = SO{2h) and dimGiy = 2l x . 
If g G Gi such that gy £ Ni , then 

gG lv g- x = G lgy e {5(0(2Z X ) x 0{l)),S0{2l 1 ),G 1 } 

and 

_ J Gl ifyeM Gl 
3G Gl l2/ ~ \5(0(2Zi) x 0(1)) i£ytM a K 

Therefore GiyHNi C 5(0(2Zi) x 0(l))y contains at most two elements. If y is not 
fixed by Gi, then one sees as in the proof of Lemma [5731 that Giy and Ni intersect 
transversely in y. 

Therefore Gi(Af - N^ 1 ) is open in M - M Gl by Lemma [Ol Because M Gl 
has codimension at least three, M — M Gl is connected. But 



Ni - N Gl j — G1N1 (~l (M - M Gl ) 
is also closed in M — M Gl . Hence, 

M - M Gl = Gi (Ni - N Gl ^j =GiN x - N Gl . 
Therefore one sees as in the proof of Lemma 15.31 that 

M = G 1 N 1 U (M Gl - N Gl ^j . 

Because G±Ni and M Gl — N l 1 are closed in M the statement follows. □ 



Corollary 7.2. If in the situation of Lemma \7.1\ the Gi-action on M has no fixed 
point in M, then M = SO(2h + l)/SO{2l\) x N\ or M = SO{2h + l)/S0{2l x ) x Za 
Ni, where Z 2 = S{0(2h) x 0{l))/ SO{2l x ) . 

In the second case the Z2-action on N± is orientation reversing. 

Ifh = 1 and#$i = I, then we have M = S0(2h + 1)/S0(2h) X^N X . Ifh = 1 
and #£1 = 2, then we have M = S0(2h + \)/SO(2h) x N x . 
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Proof. Let g G S(0(2k) x 0(1)) = N Gl SO(2h). Then 5 7Vi is a component of 
M SO(2h)_ Because Ni C M so ( 2ll 5, #iVi only depends on the class 

550(2;!) e S(0(2h) x 0(l))/SO(2h) = Z 2 . 

Therefore there are two cases 

(1) There is a 5 G S(0(2h) x 0(1)) such that gN t ± N x . 

(2) The submanifold iVi is S(0(2Zi) x 0(l))-invariant, i.e. 5 7Vi = JVi for all 
g G S(0(2Zi) x 0(1)). 

If Zi = 1 and = 1, then N% is the only characteristic submanifold of M 
belonging to 3l< Therefore only the second case occurs. 

If l x = 1 and ##i = 2, then there is a gi G N Gl Ti such that iVi ^ 5iiVi. 
Therefore we are in the first case. 

In general we have M = Gi x JVi/ ~ with 

2/i ) ~ (52,2/2) 
^ 5i2/i = 522/2 

9i X 9\V\ = 2/2 

<S> 3a X 5i e 5(0(211) x 0(1)) and g 2 1 gnji = y 2 

In case |T|) the last statement is equivalent to 

g^gi g S"0(2/i) and g^gm = 52- 

Therefore we get M = S0{2l x + l)/S0{2l 1 ) x N t . 
In case ^ we have as in the proof of Corollarv l5.6l 

M = SO(2h + 1) x s(0(2;i)x0(1)) Ni = SO(2h + l)/SO(2h) x Za N,. 

This equation implies that M is the orbit space of a diagonal Z2-action on 50(2/1 + 
l)/50(2/i) x Ni. Because M is orientable this action has to be orientation preserv- 
ing. But the Z 2 -action on 50(2/i + l)/50(2/i) is orientation reversing. Therefore 
the Z2-action on Ni is also orientation reversing. □ 

Corollary 7.3. In the situation of Lemma \7.1\ A'I Gl C iVi is empty or has codi- 
mension one in N\ . 

Proof. By Lemma [7TT1 it is clear that M Gl C N±. For y G M Gl consider the Gi 
representation T y M. Because N\ is a component of M so ^ 2ll \ the restriction of 
T y M to SO(2h) equals the 50(2/i)-representation T X M, where x G ATf . 

Because, by Lemma 13.41 T X M is a direct sum of a trivial representation and 
the standard real representation of 50(2/i) and T\ C 50(2/i), T y M is a sum of a 
trivial and the standard real representation of SO{2l\ + 1) by [4, p. 167]. Therefore 
M Gl C Nt has codimension one. □ 

7.2. Blowing up along AI Gl . As in section [5] we discuss the question when a 
manifold of the form given in Corollarv l7.2l is a blow up. 

If M is the blow up of M along M Gl , then there is an equivariant embedding 
of P R (N(M Gl ,M)) into M. Therefore the Gi-action on M has an orbit of type 
SO(2h + 1)/S(0(2h) x 0(1)). This fact shows that M is of the form S0(2h + 
l)/S0(2li) Xz 2 Ni where Ni is the proper transform of Ni. By Lemma [4.51 Ni 
and Ni are G 2 -equivariantly diffeomorphic. Because M Gl has codimension one in 
Ni, the Z 2 -action on Ni has a fixed point component of codimension one. 

The following Lemma shows that these two conditions are sufficient. 

Lemma 7.4. Let N\ be a torus manifold with Gi-action. Assume that there are a 
non-trivial orientation reversing action of 'Li = S((0{21\) x 0(l))/50(2/i)) on N\, 
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which commutes with the action 0/G2, and a closed codimension one submanifold 
A of N± , on which Z2 acts trivially. 

Let E' — N(A,N\) equipped with the action of G2 induced from the action on 
Ni and the trivial action of Z2 . Denote by W the standard real representation of 
SO{2h + 1). Then: 

(1) 50(2/1 + l)/SO{2h) x Z2 Ni is orientable. 

(2) The normal bundle of SO{2l x + 1)/S(0(2h) x 0(1)) x A in S0(2h + 
l)/50(2Zi) Xz 2 N± is isomorphic to the tautological bundle over Pg.(E' ® 
W(B{0}). 

The lemma guarantees together with the discussion at the end of section [|] that 
one may remove SO(2h + l)/S(0(2h) x 0(1)) x A from SO(2l 1 + l)/SO(2l 1 ) x Za iVi 
and replace it by A to get a torus manifold with G-action M such that M so ( 2ll+1 ' > = 
A. The blow up of M along A is 50(2/1 + l)/5(0(2/i)) x z , N\. 

Proof. The diagonal Z2-action on SO(2li + \) / SO(2li) x N\ is orientation preserv- 
ing. Therefore 50(2/i + l)/SO{2l 1 ) x Z2 N x is orientable. 

The normal bundle of SO(2h+l)/S(0(2h)xO(l))xAm SO(2h+l)/SO(2l 1 )x I . 2 
Ni is given by S0(2h + l)/50(2/i) x Z2 N(A, N%). 

Consider the following commutative diagram 

S0(2h + l)/50(2/ x ) x Z2 N{A,N 1 ) ^P BL (E'®W) x E' ®W 



SO(2h + l)/5(O(2/0 x 0(1)) x A P R (E' ® W) 

where the vertical maps are the natural projections and /, g are given by 
f([hSO(2l 1 ) : m]) = ([m <x> /iei], m ® hex) 

and 

g(hS(0(2h) x 0(1)), g) = [m q ® ftej, 
where ei £ W — {0} is fixed such that for all 3' € 50(2/i), c/'ei = ei and m g ^ 
some element of the fiber of E' over q. 

The map / induces an isomorphism of the normal bundle of SO(2li) / S(0(2li) x 
O(l)) x A in SO(2h)/SO(2h) x Z2 Ni and the tautological bundle over P R {E' <x> 
W(B{0}). ' □ 

Lemma 7.5. Ifl\ > 1, m the situation of Lemma \7.1\ then f] Mg » Mj = M 50 ^ 1 ' 
/las at most two components. It has two components if and only if M = S 211 x N\. 

Proof. If M = S 2h x Ni, then f] M . eSl M t = {N,S} x N u where N,S are the 
north and the south pole of the sphere, respectively. Otherwise the blow up of 
M along M so( ~ 2ll+ ^ is given by 5 2 ' 1 x Z2 N lr which is a fiber bundle over RP 2h . 
The characteristic submanifolds of 5 2 ' 1 Xz 2 Ni, which are permuted by W(Gi), are 
given by the preimages of the following submanifolds of M.P 211 : 

Rp 2h-2 = ^ . ,. 2 ..... X2 ._ 2 . :0: X2l+1 : ■■■ :x 2 i 1+ i) ERP 2h }, i=l,...,h. 

These characteristic submanifolds are also given by the proper transforms Mi of 
the characteristic submanifolds Mi <E 3i of M. Because 

h 

P| RP 2ll ~ 2 ={(0:0 : •■• :0: 1)}, 

i=l 

it follows that 

f| M i =N 1 = M s °( 2h \ 

Mi 1 
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Therefore, with Lemma T4. 31 and Corollary [731 

P| Mi =Ni = M so{2h) 

follows. In particular f] M £ ^ Mj is connected. □ 

Lemma 7.6. Ifl\ = 1, in the situation of Lemma \7. 1\ then the following statements 
are equivalent: 

• M so ( 2 ) has two components. 

• #& = 2. 

• M = S 2 x iVi. 

If l\ = 1 and = I,, i/ien M so ^ is connected. 

Proof. At first we prove that all components of M so ^ are characteristic subman- 
ifolds of M belonging to 5i- By Lemma r7.il Ni is a characteristic submanifold of 
M and a component of M so{2 ^ such that G? x iVi = M. Therefore, if x 6 M so{2 \ 
then there is a g € Nq 1 SO{2) such that g _1 :r. S iVi. This implies x £ gNi, Because 
gNi is a characteristic submanifold belonging to 3i and a component of M so ^> 
it follows that M so ^ is a union of characteristic submanifolds of M belonging to 

Now assume that #3i = 1. Then we have M so W = N x . Therefore M so ^ is 
connected. 

Now assume that M = 50(3)/50(2) x N x . Then it is clear that M so{2 ^ has 
two components. 

Now assume that M so ^> has two components. Because these components are 
characteristic submanifolds belonging to 3i it follows that #5i = 2. 

Now assume that — 2. If there is no G\ -fixed point then it follows from 
Corollary O that M = 50(3)/50(2) x N 1 . Assume that there is a Gi-fixed point 
in M. Then the blow up of M along M Gl contains an orbit of type 50(3) /5(0(2) x 
O(l)). Now Corollary 17.21 implies #3i = 1. Therefore there is no Gi-fixed point if 
##1=2. □ 

7.3. Admissible pairs. We are now in the position to state another classification 
theorem. To do so, we use the following definition. 

Definition 7.7. Let G = G x X G 2 with G x = SO(2h + 1). Then a pair (N, A) 
with 

• N a torus manifold with Gi x Z2-action such that the Z2-action is orientation- 
reversing or trivial, 

• A C N the empty set or a closed G2 x Z2-invariant submanifold of codi- 
mension one, on which Z2 acts trivially, such that if A ^ 0, then Z2 acts 
non-trivially on N, 

is called admissible for (G, Gi). 

We say that two admissible pairs (N, A), (N',A') are equivalent if there is a 
G2 x Z2-equi variant diffeomorphism cj> : N — >• N' such that <f>{A) = A 1 . 

Theorem 7.8. Let G — G\ x G2 with G\ = SO{2l\ + 1). There is a one-to-one 
correspondence between the G-equivariant diffeomorphism classes of torus manifolds 
with G-actions such that G\ is elementary and equivalence classes of admissible 
pairs for (G, Gi). 

Proof. Let M be a torus manifold with G-action. If PW effi ^ ^ as * w0 com P orLen ts 
and l\ > 1 or = 2 and l\ = 1, then we assign to M the admissible pair $(M) = 
(7Vi,0), where N\ is a component of f] M , e ~ Mi or a characteristic submanifold 
belonging to in the case 1% = 1. The action of Z2 is trivial in this case. 
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If C\m edi ^ i * s connec ted and l\ > 1 or #$1 = 1 and l\ = 1, then we assign to 
M the pair 

$(M) = ( P| M h M so ^+A . 

Because Hm ejh = M 50 ^ 1 ' there is a non-trivial action of 

Z 2 = S(0(2Ii) x 0{l))/SO{2h) 

Now let (N, A) be a admissible pair for (G, G\). If the Z2-action on N is trivial, 
we have A — and we assign to (JV, 0) the torus manifold with G-action ^((iV, 0)) = 
S" 2 ' 1 x AT. 

If the Z2-action on TV is non-trivial, we assign to (N, A) the blow down &((N, A)) 
of SO(2h + l)/SO(2h) x Z2 N along SO(2Zi + 1)/S(0(2h) x 0(1)) x A. 

By Lemma [7.5l it is clear that this construction gives a one-to-one correspondence 
between torus manifolds with G-action such that fW e#i ^ nas ^ w0 components 
and h > 1 and admissible pairs with trivial Z^-action. With Lemma 17.61 we see 
that an analogous statement holds for h = 1 and #$1 = 2. 

Now let (N, A) be an admissible pair such that Z2 acts non-trivially on N. Then 
the discussion after Lemma 17741 shows that ^(^((N, A))) is equivalent to (N,A). 

If M is a torus manifold with G\ x G2-action such that G\ is elementary and 
N\ = f] M . £ y Mj is connected the blow up of M along M so ( 2ll+1 > is given by 

50(2Ii + l)/50(2Ii) xz, JVi. 

Therefore we find that \&($(M)) is equivariantly diffeomorphic to M. □ 

8. Classification 

Here we use the results of the previous sections to state a classification of torus 
manifolds with G-action. We do not consider actions of groups, which have SO(2h) 
as an elementary factor, because as explained in section these factors may be 
replaced by SU(h) x S . We get the classification by iterating the constructions 
given in Theorem 15.131 and Theorem 17.81 

We illustrate this iteration in the case that all elementary factors of G are iso- 
morphic to SU(k + 1). Let G = n*=i @i x T l ° and M a torus manifold with 
G-action such that all Gt are elementary and isomorphic to SU(li + 1). 

In Theorem 15.131 we constructed a triple (^1, N±, A±), which determines the G- 
equivariant diffeomorphism type of M. Here N\ is a torus manifold with J} i=2 Gt x 
T'°-action. Therefore there is a triple (ip2, N 2l A2) which determines the Yli=2 Q x 
T'°-equivariant diffeomorphism type of N\. Because N 2 C Ni such that G 2 N 2 = Ni 
and Ai is G2-invariant we have G2(^4i fl N2) = A±. Therefore the G-equivariant 
diffeomorphism type of M is determined by 

(V'i x ^ 2 ,n 2 ,a 1 nN 2 ,A 2 ). 

Continuing in this manner leads to a triple 

(i/,,N, (A 1 ,...,A k )), 

where tJj G Horn f Ili=i S(U(li) x C/(l)), T l °^j , is a 2Z -dimensional torus manifold 
and the Ai are codimension two submanifolds of N or empty. 

The iteration becomes more complicated if there are more than one elementary 
factors of G isomorphic to SO(2k + 1). To illustrate what happens here, we discuss 
the case G = Gi x G2 x T l °, where the Gj are elementary and isomorphic to 
SO(2k + 1). 
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Then, by Theorem 17.81 there is an admissible pair (N\,Bi) for (G, Gi) corre- 
sponding to M, where Ni is a torus manifold with G2 x T l ° x (Z2)i-action. By 
Lemmas 17.51 and 17.61 we have two cases 

(1) AT-f 0( - 2i2 ) has two components. 

(2) ivf° (a2) is connected. 
In the first case we have 

Nx = S0{21 2 + l)/SO{2l 2 ) x N 2 , 

where N 2 is a 2^o-dimensional torus manifold. The action of (^2)1 on Ni commutes 
with the action of G2 x T l ° . Therefore the action of (^2)1 on Ni splits as an product 
of an action on SO(2l 2 + 1) / SO(2l 2 ) and an action on N 2 . Because there is only 
one non-trivial action of Z2 on SO(2l 2 + 1)/ SO(2l 2 ) which commutes with the 
action of SO(2l 2 + 1), the G2 x T l ° x (Z2)i-equivariant diffeomorphism type of 
Ni is completely determined by a pair (N 2 ,ai 2 ), where N 2 is equipped with the 
action of T l<) x CL 2 )i and ai2 G {0, 1} is non-zero if and only if the (Z2)i-action on 
SO{2l 2 + l)/SO(2Z 2 ) is non-trivial. 

In the second case the G2 x T'°-equivariant diffeomorphism type of N\ is deter- 
mined by a pair (N 2 ,B 2 ), where N 2 — jv.j 50 ^ 2 ' 2 -'. Because N 2 is (Z2)i-invariant in 
this case, N 2 is a torus manifold with T l ° x i^L%)\ x (Z2)2-action, where (Z 2 ) 2 — 
S{0{21 2 ) x 0(l))/SO{2l 2 ). We put 012 = in this case. 

As in the case where there are only elementary factors isomorphic to SU(li + 1), 
one sees that the G±xG 2 x T io -equivariant diffeomorphism type of M is determined 
by 

{N 2 ,(N 2 nB 1 ,B 2 ),a 12 ). 

There are some relations between 0,12 and B\. For example, if a\ 2 = 1, then 
there are no (Z2)i -fixed points in N\. Therefore B\ has to be empty. 

If there are more than two elementary factors of G isomorphic to SO(2li + 1), 
we have to introduce more numbers et^-. There are some relations between the <Zjj 
coming from the fact that M is required to be orientable. This will be explained in 
the proof of Lemma 18.31 

8.1. Admissible 5-tuples. We use the following definition to make the above 
constructions more formal. 

Definition 8.1. Let G = IlLi G i x G ' with 

= (SU{k + l) if i < fc 
* \SO(2U + i) if i > fco 
and fco G {0, ... , fc}. Then a 5-tuple 

(tp, N, (Ai)j = i,...,fc 0! (Bi)i=ko+l,...,k, (a>ij)k +l<i<j<k) 

with 

(1) if, e Hom(n£i S(U(k) x 17(1)), Z{G')) and ^ = ^\ sm h)xU(i)), 

(2) N a torus manifold with G' x J|*L fco+1 (Z2)i-action, 

(3) Ai C N the empty set or a G' x Yli=k + i(22);-invariant closed submanifold 
of codimension two, on which im^ acts trivially, such that if Ai ^ 0, then 
ker^ = SU(k), 

(4) Bi C N the empty set or a G' x J|*L feo+1 (Z2)i-invariant closed submanifold 
of codimension one, on which (Z2X acts trivially, such that if Bi ^ 0, then 
the action of (Z 2 )i on N is non-trivial, 

(5) dij G {0, 1} such that 

(a) if ciij = 1, then 
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(i) the action of (Zg)j on N is trivial, 

(ii) a,jk = for k > j, 

(iii) Bi = 0, 

(b) if the action of (^2)1 on N is non-trivial, then it is orientation preserv- 
ing if and only if J2j>i a ij odd, 

(c) if the action of {^2)1 on N is trivial, then X^>i a ij ^ s °dd or zero, 

is called admissible for (G, Jli=i @i) if the A^ and Bi intersect pairwise transversely. 
If G' is a torus we also say that a 5-tuple is admissible for G instead of (G, rii=i ^O- 
We say that two admissible 5-tuples 

(tp, N, (Ai)i=i i ... ) fe , (i?i)i = fc +i,...,fe: (aii)fe +i<i<i<fe) 

and 

(<0', AT , (^4-)i=l,...,fco: (Bi)i=k +l,-,k, ( a 'ij)ko+l<i<j<k) 

are equivalent if 

• ipi = ipl if li > 1 and i/'i = 1 if ^ = 1) 

• "<./ = 

• there is a G' x Yli=k + i(^2)j-equivariant diffeomorphism <fi : N —> N' such 
that (j)(AA = A\ andV(-Bi) = 

Remark 8.2. By Lemma [B. 11 two submanifolds Ai, A2 of N satisfying the condition 

(3) intersect transversely if and only if no component of A\ is a component of A2. 
By Lemma \BAl two submanifolds A\,B\ of A~ satisfying the conditions (3) and 

(4) , respectively, intersect always transversely. 

By Lemma IB. 51 two submanifolds B\ , B2 of N satisfying the condition (4) in- 
tersect transversely if and only if no component of B\ is a component of B2 ■ 

Lemma 8.3. Let G as above. Then there is a one-to-one correspondence between 
the equivalence classes of admissible 5-tuples 

(tp,N, (Ai)i=i | ... ) fe , (Bi)i = ko+l,...,k, (a>ij)k +l<i<j<k) 

for (G, Yli—i Gt) and the equivalence classes of admissible 5-tuples 

(lp',N', (^)i=i ) ..,,A , (-Bi)<=fco+l,. ..,k-l, {a'ij)k +l<i<j<k-l) 

for (G, riiiTi 1 suca that Gk is elementary for the Gk X G' -action on N' . 

Proof. At first assume that G k = SU(l k + 1). Let (tp, N, (Aj) i= i fe-i, 0, 0) be an 

admissible 5-tuple for (G,Y[i=i Gi) such that Gk is elementary for the Gk x G'- 
action on N . 

Let (tpk,Nk,Ak) be the admissible triple for (Gk x G',Gk), which corresponds 
to A" under the correspondence given in Theorem 15.131 Then Nk is a submanifold 
of AT. By Lemma fB.ll Ai, i = 1, . . . , k — 1, intersects ATfc transversely. Therefore 
Nk n Aj has codimension 2 in A^. Because A, = Gk(Nk PI Ai), A^ n Ai has no 
component, which is contained in Ak or Nk (1 Aj , j ^ i. Therefore by 

(V> x Vfe, A^ fc , (Ai n JV fc> . . . , A k -i n A^fe, A fe ), 0, 0) 

an admissible 5-tuple for (G, J^J i=1 Gi) is given. 
Now let 

(i/>x1> k ,N k ,(A 1 ,...,A k ),M) 
be an admissible 5-tuple for (G, n»=i ^*)- Let i/ = GfcXim^fc and i2i = S(U(lk) x 
t/(l)) x im^fc. Then, by Lemma [5. Ill the blow down N oi N = H x H! Nk along 
Ho/ HixAk is a torus manifold with G& x G'-action. By Lemma l4.31 i^i/ox^ A^) = 
Gfci 7 '(Ai), i < k, are submanifolds of A" satisfying the condition (3) of Dcfinition l8.il 
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Because F(Ai) and F(Aj), i < j < k, have no components in common, G k F(Ai) 
and GkF(Aj) intersect transversely. Therefore by 

N, (GkFiA^, . . . , G k F(A k -i)), 0, 0) 

an admissible triple for (G, n»=i Gi) is given. 

As in the proof of Theorem 15.131 one sees that this construction leads to a one- 
to-one-correspondence. 

Now assume that Gk = SO(2l k + 1). Let 

(8-1) (ip, N, (^4i)j=i,...,fc , (B»)i=fc +i,...,fc-i, {aij)k +i<i<j<k-i) 

be an admissible 5-tuple for (G, Yii=i @i) such that Gk is elementary for the Gk x 
G'-action on AT. 

At first assume that, for the G^-action on N, N so( - 21 ^ is connected. Let (N k , B k ) 
be the admissible pair for (Gk x G',G k ) which corresponds to A^ under the corre- 



spondence given in Theorem l7.81 Then N k is a submanifold of N which is invariant 
under the action of G' x U.Lk +i( Z ^^ where ( Z 2)fc = S(0(2l k ) x 0(l))/SO{2l k ). 
For i < k, let = 0. 
We claim that by 

(8.2) (?/>, A^fc, (Ax n JVfc, . . . , A feo n iVfc), (B ko+1 n JV fc , . . . , n iv fc , s fc ), (ay)) 

an admissible 5-tuple for (G, JT. , Gj) is given. 

At first note that, for i = 1, . . . , k — 1, the and f?i intersect JV& transversely 
by Lemmas IB . II and IB. 41 Therefore Ai n JV& and i?i D N k has codimension two or 
one, respectively, in N k . 

One sees as in the case Gk — SU (l k + 1) that the JVfc n A{ and JVfc n Bi intersect 
pairwise transversely. 

Now we verify the condition (J5J) of Definition 18.11 for the 5-tuple (|8.2I) . By 
Lemma 16.41 (Z 2 )i, i < k, acts orientation preserving on JV if and only if it acts 
orientation preserving on Nk. This proves (|5b|) because (|8.ip is an admissible 5- 
tuple and = 0. 

Because, by Lemma FfTl G k N k — N, (Z 2 )i, i < k, acts trivially on N k if and 



only if it acts trivially on N. This proves (|5c|) and (5(a)i| because ((5c)) and (5(a)i 
hold for the admissible 5-tuple (|8.1|) and otjfc = 



Because cii k = 0, (5(a)ii) and ( 5 (a)iii ) are clear. 

Now assume that N^^ 21 ^ is non-connected. Then, by Lemmas 17.51 and 17.61 we 
have 

N = SO(2l k + l)/SO(2l k ) xN k . 

In this case the (Z2)j-action, i < k, on N commutes with the action of SO(2l k + 1). 
Therefore it splits in a product of an action on SO(2l k + l)/SO(2l k ) and an action 
on N k . We put aik = 1 if the (Z 2 )i-action on SO(2l k + l)/SO(2l k ) is non-trivial 
and = otherwise. Because there is only one non-trivial action of Z 2 on 
SO(2l k + l)/SO(2lk), which commutes with the action of SO(2l k + 1), we may 
recover the action of (Z 2 )i on JV from the action on Nk and a^. 

We identify SO(2l k ) / SO(2l k ) x Nk with N k and equip it with the trivial action 
of (Z 2 ) fe = S(0(2l k ) x 0(l))/SO(2l k ). We claim that by 

(8.3) (ip, N k , (A! n JV fc , . . . , A ko n N k ), (B ka+1 n N k , . . . , Bk-i n N kl 0), (a^)) 

an admissible 5-tuple for (G, Yli=i @i) i s given. 

The conditions ([3]) and Q of Definition 18.11 and the transversality condition are 
verified as in the previous cases. 

Therefore we only have to verify condition (JSJ) - Because the non-trivial Z 2 -action 
on SO(2l k + 1) / ' SO(2lk) is orientation reversing, the (Z 2 )i-action, i < k on N k has 
the same orientation behavior as the action on N if and only if the (Z 2 )i-action on 
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S0(2lk + I)/ S0(2l k ) is trivial. By the definition of a^, this is the case if and only 
if dik — 0. Therefore (|5b|) follows because (|8.ip is an admissible 5-tuple and (Z 2 )fc 
acts trivially on N k . 

If the (Z2)i-action on N k is trivial and non-trivial on SO(2lk + 1) / SO(2l k ), then 
the (Z2)i-action on A" is orientation reversing. Therefore Xy>j a ij ^ s odd. 

The (Z2)i-actions on N k and SO(2lk + 1)/ SO(2lk) are trivial if and only if the 
(Z2)i-action on N is trivial. Therefore J2j>i a ij i s °dd or trivial. This verifies ((5c)) . 

If there is a j < i such that dji = 1, then (Z2)j acts trivially on N because the 



admissible 5-tuplc (|8.1[) satisfies (5(a)i|. Therefore = 0. This proves (5(a)ii 



If the (Z2)i-action on SO(2lk + l)/SO(2l k ) is non-trivial the action on N has no 



fixed points. Therefore Bi = 0. This proves (5(a)iii|. The property (5(a)i) is clear. 
Now let 

(ip, N k , (ill, ... , A k<) ), (Bfca+i, . . • , B k ), (a,/)) 

be an admissible 5-tuple for (G, Yli=i Gi)- At nrs ^ assume that (Z2)fc acts non- 
trivially on A*. Then the blow down AT of TV = SO(2l k +l)/SO(2l k )x ( z 2 - )h N k along 
50(2/ fe + l)/50(2Zjk) x (Z2)fc B fe is a torus manifold with G t xG'x Ilti+i tr- 
action. As in the case Gk = SU(lk + 1) one sees that 

(V, N, (G k F(A±), G k F(A ko )), (G k F(Bk 0+1 ), . . . , G k -iF(B k - 1 )), (ay)) 

is an admissible 5-tuple for (G, n»=i ^*)- 
If (Z2)fc acts trivially on N k , then put 

A" = SO(2l k + l)/SO{2l k ) x N k . 

Here (Za)i, i < k, acts by the product action of the non-trivial Z2-action on 
SO(2lk + \) / SO(2l k ) and the action on A& if o^fe = 1. Otherwise (^2)1 acts by 
the product action of the trivial action on SO(2lk + l)/SO(2l k ) and the action on 
Afc. Now by 

(t/j, N, (SO(2l k + l)/SO(2/ fc ) x Ai), . . . , SO(2Z fc + l)/SO(2/ fc ) x A feo ), 

(SO(2Z fc + l)/50(2l fc ) x B feo+1 , . . . , SO(2Z fe + l)/50(2I fc ) x B^), (ay)) 

an admissible 5-tuple for (G, rii=i i s given. 

As in the proof of Theorem l7.8l one sees that this construction leads to a one-to- 
one-correspondence. □ 

Let G = Hi G i x Tl ° and 

ty,M, {Ai), (Bi), (a^)) 

be an admissible 5-tuple for (G, n»=i Gi) sucn that Gfe is an elementary factor of 
Ili>fe x f° r the action on M. Furthermore, let 

W,N, {Ai), (Bi), (oy)) 

be the admissible 5-tuple for (G, JliLi corresponding to (^>, M, (Ai), (Bi), (aij)). 
Then the following lemma shows that Gi, i > k, is an elementary factor of J| i>fe G^ x 
T l ° for the action on M if and only if it is an elementary factor of rii>fc+i Gi x ^ 
for the action on N. 

Lemma 8.4. Let G — G\ x G' x G" ; M a torus manifold with G -action and 
N a component of an intersection of characteristic submanifolds of M , which is 
G\ x G -invariant and contains a T '-fixed point x such that G\ acts non-trivially on 
N . Furthermore, assume that G" is a product of elementary factors for the action 
on M. 
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Then N is a torus manifold with G\ x G' x T l ° -action for some Iq > and G\ 
is an elementary factor of G, with respect to the action on M , if and only if it is 
an elementary factor of G\ xG'x T l ° , with respect to the action on N. 

Proof. Assume that Gi is an elementary factor for one of the two actions on M 
and N. Then G\ is isomorphic to a simple group or Spin(4). If G\ is simple and 
not isomorphic to SU(2) then the statement is clear. 
Therefore there are two cases G\ = SU(2), Spin(4). 

If x is not fixed by G\, then G\ — SU(2) is elementary for both actions on N 
and M by Lemma [3.11 Therefore we may assume that x € A Gl C M Gl . Then 
there is a bijection 

■SxM — ► -SxN LT -&Ni 

where 

BxM = {characteristic submanifolds of M containing x}, 
■SxN = {characteristic submanifolds of N containing x}, 
■&N = {characteristic submanifolds of M containing N}. 

This bijection is compatible with the actions of the Weyl-group of G x . 

At first assume that G\ — SU(2) is elementary for the action on M but not for 
the action on N. Then there is another simple factor G2 = SU (2) of G% x G' x T la 
such that Gi x G2 is elementary for the action on N. At first assume that G2 is 
elementary for the action on M. 

Let Wi € W(Gi), i = 1, 2, be generators. Then there are two non-trivial W(G\ x 
G 2 )-orbits $1,82 in dxM- We have: 

. #y< = 2, 1 = 1,2, 

• Wi, i = 1,2, acts non-trivially on and trivially on the other orbit. 

But because, G\ x G2 is elementary for the action on N, there is exactly one 
non-trivial W(G\ x G2)-orbit #1 in $ x n- We have: 

• #5i = 2, 

• «;,•, i = 1,2, acts non-trivially on 3i- 
This is a contradiction. 

If G2 is not elementary, then G2 is a simple factor of an elementary factor. In 
this case the action of W(G% x G2) on $ x m behaves as in the first case. Therefore 
we also get a contradiction in this case. 

Under the assumption that Gi = Spin(4) is elementary for the action on M a 
similar argument shows that G\ is elementary for the action on N. 

Therefore G\ is elementary for the action on N if it is elementary for the action 
on M, 

If Gi is elementary for the action on iV but not elementary for the action on 
M, then it is a simple factor of an elementary factor G[ ^ G\ of G or a product 
G 2 x G3 of elementary factors G' 2 and G' 3 of G. But because G" is a product of 
elementary factors, it contains all elementary factors of G which have non-trivial 
intersection with G" . Because Gi is not contained in G", it follows that G' 1 ,G' 2 
and G3 are subgroups of Gi x G'. Therefore, by the above argument, G[ or G' 2 
and G 3 are elementary for the action on N . Because elementary factors can not 
contain each other we get a contradiction to the assumption that G\ is elementary 
for the action on A. □ 

Recall from section [3] that if M is a torus manifold with G-action, then we may 
assume that all elementary factors of G are isomorphic to SU(li + 1), SO (2k + 1) 
or SO(2k). That means G = Y[SU(k + 1) x Y\SO{2k + 1) x Y\SO(2k) x T l ° . 
Because, as described in section[51 we may replace elementary factors isomorphic to 
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50(2;,) by SU(h) x S\ the following theorem may be used to construct invariants 
of torus manifolds with G-action. By Theorem 16.31 these invariants determine the 
G-equivariant diffeomorphism type of simply connected torus manifolds with G- 
action. 

Theorem 8.5. Let G = JlLi G * x T '° with 

G _ [SU{U + 1) ifi<k 
i \SO(2k + l) ifi>k 

and fco G {0, . . . , k}. Then there is a one-to-one correspondence between the equiv- 
alence classes of admissible 5-tuples for G and the G-equivariant diffeomorphism 
classes of torus manifolds with G-action such that all Gi are elementary. 

Proof. This follows from Lemma 18.31 and Lemma 18.41 by induction. □ 

Using Lemma 12.81 and Theorem 15.161 we get the following result for quasitoric 
manifolds. 

Theorem 8.6. Let G = JlLi G% X T l ° with G, : = SU(k + 1). Then there is a one- 
to-one correspondence between the equivalence classes of admissible 5-tuples for G 
of the form 

(i>,N, CA()i< 4 <fc,M) 

with N quasitoric and A,-, 1 < i < k, connected and the G-equivariant diffeomor- 
phism classes of quasitoric manifolds with G-action. 

Remark 8.7. Remark l2.9l and Theorem 15.151 lead to a similar result for torus man- 
ifolds with G-actions whose cohomologies are generated by their degree two parts. 

Corollary 8.8. Let G = Y\.iL\ G% x T l " with Gi elementary and M a torus manifold 
with G-action. Then M/G has dimension Iq + #{G^; Gi = SO(2li)}. 

Proof. At first we discuss the case, where all elementary factors of G are isomorphic 
to SO(2U + 1) or SU(k + 1), i.e. #{G,; G; = SO(2l t )} = 0. By Lemma 14771 
replacing M by the blow up M of M along the fixed points of G\ does not change 
the orbit space. Therefore, by Corollaries l5.6l and l7.2l we have up to finite coverings 

M/G = (M/Gi)/(JjGi x T l °) = {M/G 1 )/{J{G i x T l °) 

i>2 i>2 

= ((H x Hl N 1 )/G 1 )/([[G i xT l °)=N 1 /(l[G i xT l °), 

i>2 i>2 

where Ni is the Ili>2 ^i x T'°-manifold from the admissible 5-tuple for (G, Gi) 
corresponding to M. Here Ho, Hi are defined as in Lemma [5731 if G\ — SU(l\ + 1). 
If Gi = SO{2h + 1), we have H = SO{2l x + 1) and H x = S(0{2h) x 0(1)). 

By iterating this argument we find that M/G = N/T l ° up to finite coverings, 
where N is the T'°-manifold from the admissible 5-tuple for G corresponding to M. 

Now we study the case 1' = #{G^; Gi = SO(2k)} ^ 0. As discussed in section|6l 
the orbits of the G-action on M do not change if we replace an elementary factor 
isomorphic to SO(2li) by SU(li) x S 1 . Therefore this replacement does not change 
the dimension of the orbit space. But it increases by one, and decreases 1' by 
one. Therefore the statement follows by induction on 1' . □ 
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8.2. Applications. Now we apply our classification results to special cases. We 
first discuss the case, where M is a torus manifold with G-action such that G is 
semi-simple and H*(M;Z) is generated by its degree two part. 

Corollary 8.9. If G is semi-simple and M is a torus manifold with G-action such 
that H*(M;7i) is generated by its degree two part, then 

k 

G = Y[SU(k + l) 

»=i 

and 

k 

M = JJCP 1 *, 

i=l 

where each SUifi + 1) acts in the usual way on CP li and trivially on CP 3 ', j ^ i. 

Proof. By Lemma 12.81 and Remark 12.91 all elementary factors of G are isomorphic 
to SU(k + 1). Because G is semi-simple, there is only one admissible 5-tuple for 
G, namely (const, pt, 0, 0, 0). It corresponds to a product of complex projective 
spaces. □ 

Next we discuss torus manifolds M with G-action such that dim M/G < 1. With 
Theorem 18. 51 we recover the following two results of S. Kuroki [T51 HTj : 

Corollary 8.10. Let M be a simply connected torus manifold with G-action such 
that M is a homogeneous G-manifold. Then M is a product of even- dimensional 
spheres and complex projective spaces. 

Proof. By Corollary 18.81 the center of G is zero-dimensional. Moreover, all ele- 
mentary factors of G are isomorphic to SU(U + 1) or SO{2U + 1). Therefore the 
admissible 5-tuple corresponding to M is given by 

(const, pt, 0,0, (aij)) , 

where the G {0, 1} are unknown. In particular, no elementary factor of G has 
a fixed point in M. Therefore, by Corollaries 15.61 and 17.21 M splits into a direct 
product of complex projective spaces and even dimensional spheres. □ 

Corollary 8.11. If the G-action on the simply connected torus manifold M has an 
orbit of codimension one, then M is the projectivication of a complex vector bundle 
or a sphere bundle over a product of complex projective spaces and even-dimensional 
spheres. 

Proof. By Corollary 18.81 we may assume that there is a covering group G = S 1 x 
0, G i 01 G with G * elementary and G, ; = SU(h + 1) or G l = SO(2h + 1). We 
assume that the Gi are sorted in such a way that 

• Gj = SO(2li + 1) and Gi has no fixed point in M if i < ko, 

• Gi = SU(li + 1) and Gi has no fixed point in M if ko + 1 < i < ki, 

• Gi = SU(li + 1), SO^Zi + 1) and G; has fixed points in M if i > k\ + 1, 
where kg < k\ are some constants. 

By Corollaries 15.61 and 17.21 we know that M is of the form 

M = n S 2U x H Qkn+ i x Hlko+1 (H Qkn+2 Xjy lfeo+2 (• ■ • {H okl x Hlki M') •••)), 
»=i 

where 

H M = SU(k + 1) x imipi, 

H u = S(U(h + l) x U{1)) x im^, 
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for i = ko + 1, . . . , k\, and M' is a torus manifold with G'-action, where G' = 

iWiG.xs 1 . 

Because the action of Hn on Hqj, j > i, is trivial and the actions of the Hu on 
M' commute, M may be written as 

fe / fel \ 

M = ]]S 2h x [] H Ql x UHli M'\. 

i=l \i=k + l / 

Therefore M is a fiber bundle over a product of even dimensional spheres and 
complex projective spaces with fiber M' . 

Let (ip, N' , (Ai), (Bi), (aij)) be the admissible 5-tuple for G' corresponding to 
M'. Because dim TV' = 2 and all Gi, i > k\, have fixed points in M', we have 

N' = S 2 , A^$, B^%. 

Because the ^-action on S 2 has only two fixed points, N and S, there are at 
most two elementary factors isomorphic to SU(k + 1). The orientation reversing 
involutions of S 2 which commute with the S^-action and have fixed points are 
given by "reflections" at 5 1 -orbits. Therefore there is at most one elementary 
factor isomorphic to SO(2k + 1). If there is such a factor then there is at most one 
Gi isomorphic to SU(k + 1) because N is mapped to S by such a reflection. Let 



^■.S(U(h)xU(l))^U(l) ^ " g )^g (AeU(h),geU(l)). 
Then we have the following admissible 5-tuples: 



& 


5-tuple 


M' 


s l 


(0,^,0,0,0) 


s 2 


S 1 x SU(h + 1) 


(ct>r,S 2 , {N}, 0,0) 
(cf>t 1 ,S 2 ,{N,S},^d}) 


£ph + l 

S 2Ll+2 


S 1 x SO(2h + 1) 


(0,5 2 , 0,^,0) 


S 2tl+2 


S 1 x SU(h + 1) x SU(l 2 + 1) 


(4>T^r,s 2 ,({N}AS})A®) 


(£ph+h + l 


S 1 x SU(h + 1) x SO(2l 2 + 1) 


(<I>T\S 2 ,{N,S},S\<1)) 


g2h+2l 2 +2 



Therefore the statement follows. □ 



Now we turn to the case, where M is a torus manifold with G-action such that 
G is semi-simple and has exactly two elementary factors Gi,G2- We start with a 
discussion of the case, where Gi x G 2 ^ SO(2l\) x SO(2l 2 ). 

Corollary 8.12. LetG = GixG 2 + SO{2l 1 )xSO{2l 2 ) withd andG 2 elementary 
of rank h,l 2 , respectively, and M a torus manifold with G-action. Then M is one 
of the following: 

CP h x CP h ,CP h x S 2l \S 2h x S 2l2 ,S 2h x Z2 Sf^Sf 1 x Z2 S 2h , S 2h+2h . 

Here S[ denotes the l-sphere together with the ^-action generated by the antipodal 
map and S l 2 the l-sphere together with the Z 2 -action generated by a reflection at a 
hyperplane. 

Furthermore, the G-actions on these spaces is unique up to equivariant diffeo- 
morphism. 

Proof. First assume that G\,G 2 ^ SO(2l). Then we have the following possibilities 
for the admissible 5-tuple of M: 
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Gi 


G 2 


5-tuple 


M 


SU(h + 1) 


SU{1 2 + 1) 


(const, pt, 0,0,0) 


CP' 1 x CP' 2 


SU(h + 1) 


SO(2l 2 + 1) 


(const, pt, 0,0,0) 


CP' 1 x S 2 ' 2 


S0(2h + 1) 


SO(2l 2 + 1) 


(0,pt, 0,0, ai2 = 0) 
(0,pt,0,0,a 12 = 1) 


S -2 h x g-Ma 
^1 ><Z 2 ^1 



If Gi = SU(h + 1) and G 2 = SO(2l 2 ), then, by Corollary \M1 there is one 
admissible triple for (G, Gi) namely (const, S* 2 ' 2 , 0). It corresponds to CP Zl x S 212 . 

Now assume that Gi = SO(2h + 1) and G 2 = S0{21 2 ). Let (AT, P) be the 
admissible pair for (G, Gi) corresponding to M. Then, by Corollary 13.61 we have 
N = S 21 ' 2 . Up to equivariant diffeomorphism there are two orientation reversing 
involutions on S* 2 ' 2 which commute with the action of G 2 , the anti-podal map and 
a reflection at an hyperplane in M 2 ' 2+1 . Therefore we have four possibilities for M: 



?2h 



S 



2h+2l 2 



-.2/ 



21 1 



□ 



For the discussion of the case Gi x G 2 = 5*0(2^) x SO(2l 2 ) we need the following 
lemma. 

Lemma 8.13. Let G = SO(2l\) x S 1 and M a simply connected torus manifold 
with G-action such that SO(2l\) is an elementary factor of G and S 1 acts effectively 
on M and M s has codimension two in M . 

Then M is equivariantly diffeomorphic to #i(S 2 X S 2ll )i or S 2ll+2 . 

Here the action ofG on 5' 2 ' 1+2 is given by the restriction of the usual SO(2li+3)- 
action to G. The action of G on S 2 x S 211 is the product action of the usual action 
of S 1 and SO(2li) on S 2 and S 211 , respectively. Moreover, the connected sums are 
equivariant. 

Proof. As described in section^ we may replace G by SU(li) xSxS 1 . Let (ip, N, A) 
be the admissible triple corresponding to M . Then "0 is completely determined by 
the discussion in section [S] and A = N s — M su ( ll \ Furthermore S and S 1 act 
effectively on N. All components of N s and N s have codimension two in N. 
By Lemma 15.171 A^ is simply connected. 

Denote by M the blow up of M along A. Because all T-fixed points of M are 
contained in A we have l\^M T = #M T . On the other hand, M is a fiber bundle 
with fiber A^ over CP' 1 " 1 . Therefore we have h#N SxSl = #M T . 



From this #M J = #N 



SxS 1 



follows. 



Because S and S 1 act both effectively on A^ such that their fixed point sets 
have codimension two, it follows from the classification of simply connected four- 
dimensional T 2 -manifolds given in [501 P- 547,549] that the T-equivariant diffeo- 
morphism type of N is determined by #M T and that #M T is even. 

Therefore the S x S 1 x S'P(Zi)-equivariant diffeomorphism type of M is uniquely 
determined by #A/ T = X (M). It follows from Theorem |6j3] that the SO(2h) x S 1 - 
equivariant diffeomorphism type of M is uniquely determined by \(M). Because 



# k i=1 {S 2 x S 2h 
S 2ll+2 



if k> 1 
if k = 



possesses an action of G and x(^fe) = 2fc + 2, the statement follows. 



□ 



Corollary 8.14. Let G = SO(2li) x SO(2l 2 ) and M a simply connected torus 
manifold with G-action such that S0{21\), SO(2l 2 ) are elementary factors of G. 
Then M is equivariantly diffeomorphic to #i(S 2h x S 2h )i or M = S 2tl+2h . 
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Here the action of G on S 2ll+2 is given by the restriction of the usual SO{2l\ + 
2I2 + l)-action to G. The action of G on 5 2 ' 1 x 5 2 ' 2 is the product action of the 
usual action of SO (21 1) and 50(2^) on S 211 and S 212 , respectively. Moreover, the 
connected sums are equivariant. 

Proof. As described in section^ we may replace G by SU(h) x 5 x 50(2Z 2 ). Let 
(-0, N, A) be the admissible triple for (SU(h) x 5 x SO(2l 2 ), SU(h)) corresponding 
to M. Then tp is completely determined by the discussion in section [5] and A = N s . 
Furthermore, 5 acts effectively on N such that N s has codimension two. 

By Lemma [5.17l N is simply connected. Therefore, by Lemma l8.13l the equivari- 
ant diffeomorphism-type of N is uniquely determined by x(N) € 2Z. Because all 
other parts of the triple (tp, N, A) are determined by the discussion in section [5] and 
the equivariant diffeomorphism type of N, it follows that the equivariant diffeomor- 
phism type of M is determined by x(AQ. Let T2 be the maximal torus T C\SO(2l2) 
of 50(2/2). Then as in the proof of Lemma \8. 131 one sees that 



Therefore the equivariant diffeomorphism type of M is uniquely determined by 
X(M) e 2Z. Because 



At the end of this section we give a classification of four dimensional torus 
manifolds with G-action. 

Corollary 8.15. Let M be a four dimensional torus manifold with G-action, G a 
non-abelian Lie-group of rank two. Then M is one of the following 



or a S 2 -bundle over CP 1 . Here S 2 denotes the two-sphere together with the I2- 
action generated by the antipodal map and S 2 the two-sphere together with the 
!*2-action generated by a reflection at a hyperplane. 

Proof. Let G be a covering group of G. Then there are the following possibilities 
using Convention 13.51 



X (M) = #M T = #A^ SxT2 



X(N). 




)i if k > 1 
if k = 



possesses an action of G and x(^k) = 2fc + 2, the statement follows. 



□ 



CP 2 , CP 1 x CP 1 , S 4 , S 2 x Z2 S 2 , S 2 x Z2 Si 



G = SU{3), SU{2) x 517(2), SU{2) x S 1 , 

SU{2) x 50(3), SO (3) x 50(3), SO (3) x 5 1 , Spin(4). 



If G = Spin(4), we replace it by SU(2) x 5 1 as before. 
Then we have the following admissible 5-tuples: 
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G 


5-tuple 


M 


5P(3) 


(const, pt, 0,0,0) 


CP 2 


SU(2) x SU(2) 


(const, pt, 0,0,0) 


CP 1 x CP 1 


SU(2) x 5 1 


(ib S 2 0) 
(V>,5 2 ,A,0,0) 
(0,5 2 ,{A,5},0,0) 


5 2 -bundlc over CP 1 
CP 2 
5 4 


SU(2) x 5-0(3) 


(const, pt, 0,0,0) 


CP 1 x 5 2 


5-0(3) x 50(3) 


(0,pt,0,0,ai 2 = 1) 
(0,pt,0,0,ai 2 = 0) 


5 2 x^ 2 5 2 
5 2 x5 2 


50(3) x 5 1 


(0,5^,0,0,0) 
(M?, 0,0,0) 
(0,5 2 2 , 0,0,0) 
(0,5 2 2 ,0,5\0) 


5^ x S 2 
Sf x Z2 5 2 
5 2 x Z2 5| 
5 4 



Here -0 is a group homomorphism 5(P(1) x U(l)) — > 5 1 . □ 

Appendix A. Lie-groups 

Lemma A.l. Let I > 1. Then S(U(l) x U(l)) is a maximal subgroup of SU(l + l). 

Proof. Let H be a subgroup of SU(l + 1) with S(U{1) x [7(1)) C P C 5P(i + 1). 

Because S(U(l) x U(l)) is a maximal connected subgroup of SU(l + 1) the 
identity component of H has to be S(U(l) x P(l)). Therefore H is contained in 
the normalizer of S{U(l) x U(l)). Because I > 1, 

N su{l+1) S(U(l) x P(1))/5(P(Z) x [7(1)) 

= (5P(/ + 1)/5(P(0 x [/(i)))^«*t/M) = (cp ^(c/(0xt/(i)) 
is just one point. Therefore H = S(U(l) x P(l)) follows. □ 

Lemma A. 2. Let ijj : S(U(l) x P(l)) — >• 5 1 fee a non-trivial group homomorphism 
and 

H Q = SU{1 + 1) x S 1 , 

Pi = 5(P(0 x [7(1)) x 5 1 , 

H 2 = {Mig)),geS(U(l)xU(l))}. 

Then H\ is the only connected proper closed subgroup of Hq, which contains H 2 
properly. 

Proof. Let H 2 C H C Hq be a closed connected subgroup. Then we have 

rank Hq > rank H > rank P2 = rank Hq — 1 . 
At first assume that rankP = rankPo- Then we have by [HI p. 297] 

H = H' x 5\ 

where H 1 is a connected subgroup of maximal rank of SU(l + 1). Let tti : Hq — > 
SU(l + 1) the projection to the first factor. Because H' = tti(H) D tti(H 2 ) — 
S(U(l) x U(l)) and S(U(l) x U(l)) is a maximal connected subgroup of SU(l + 1), 
we have by Lemma IA.1I that H = Hi or H = Hq . 

Now assume that rankP = rankP2- Then there is a non-trivial group homo- 
morphism H — >• 5 1 . Therefore locally H is a product H 1 x 5 1 , where H' is a simple 
group which contains SU(l) as a maximal rank subgroup. By [3J p. 219], we have 

H' = E 7 ,E 8 ,G 2 ,SU{1). 

If H 1 = SU(l), then we have H = H 2 . Therefore we have to show that the other 
cases do not occur. 



o2 



MICHAEL WIEMELER 



I 


dim -Ho 


dim H' x S 1 


8 


81 


dimE 7 x S 1 = 134 


9 


100 


dining xS 1 = 249 


3 


16 


dimG 2 x S 1 = 15 



Therefore the first two cases do not occur. Because there is no (^-representation 
of dimension less than seven, the third case does not occur. □ 

Lemma A. 3. Let T be a torus and ipi,ip2 ■ S(U(l) x U(l)) — >• T be two group 
homomorphisms. Furthermore, let, for i = 1,2, 

Hi = {(<?, Mg)) 6 SU(l + l)xT;ge S(U(l) x U(l))} 

be the graph ofipi. 

(1) If I > 1, then Hi and H2 are conjugated in SU{1 + 1) X T if and only if 
ipl = ip2- 

(2) If I = 1, then Hi and H2 are conjugated in SU{1 + 1) X T if and only if 

Proof. At first assume that Hi and H2 are conjugated in SU(l + 1) x T. Let 
g' e SU(l + 1) x T such that 

Hi =g'H2g'- 1 . 

Because T is contained in the center of SU(l + 1) x T, we may assume that <j>' = 
(g, 1) S 5t/(Z + 1) x {1}. Let tti : 5t/(Z |l)xT-> 5?7(? + 1) be the projection on 
the first factor. Then: 

S(U(l) x [/(!)) = 7n(JTi) - g-Ki{H2)g- 1 = gS(U(l) x [/(l))^- 1 . 



fs(t/(!) x if / > 1 

\N SU{2) S(U(1) x £/(!)) ifi = l. 



By Lemma [A. 11 it follows that 

.9 6 Nsu<i+i)S(U(l) x f/(l)) = 
Now for h e S(U(l) x J7(l)) we have 

(h,Mh)) = g'{g- l hg,Mf>))g'- 1 . 

Now (g~ 1 hg,ipi(h)) lies in i?2- Therefore we may write: 

g'(g- 1 hg,Mh))g'- 1 =g'(g- 1 hg,i;2(g- 1 hg))g'- 1 = {h^ig^hg)) 
If / > 1 we have 

Mg^hg) = Mgr'MVMg) = MV- 

Otherwise we have 

Mg~ 1 hg) = Mh ±1 ) = Mh) ±1 - 

The other implications are trivial. Therefore the statement follows. 



□ 



Lemma A. 4. Let I > 1. Spin{2l) is a maximal connected subgroup of Spin(2l + 1) . 
Its normalizer consists out of two components. 

Proof. By p. 219], Spin(2Z) is a maximal connected subgroup of Spin(2i + 1). 

AW'+i)S P in(20/Spin(20 - (Spin(2Z + l)/Spin(2Z)) Spin(2 ' } = ( 5 2 ') Spin(2 ° 
consists out of two points. Therefore the second statement follows. □ 

Lemma A. 5. Let G be a Lie-group, which acts on the manifold M . Furthermore, 
let N C M be a submanifold. If the intersection of Gx and N is transverse in x 
for all x € N, then GN is open in M . 
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Proof. We will show that / : G x N — > M, (h,x) n> hx is a submersion. Because 
a submersion is an open map, it follows that GN = f(G x N) is open in M. For 
g e G, let 

i 9 :GxiV^G*xJV 
(ft, a;) i-> (#ft,x) 

and 

l' g :M^ M 
x i-> gx. 

Then we have for all g e G 

f = l' g ofol g - 1 . 

Now for (g,x) & G x N we have 

D(g,x)f = D x l' g D( CtX )f D(g tX )l g -\ . 

Because Gx and TV intersect transversely in x, the differential Dt e ^f is surjective. 
Because l' g , l g -i are diffeomorphisms, it follows that D^^f is surjective. Therefore 
/ is a submersion. □ 

Appendix B. Generalities on torus manifolds 

Lemma B.l. Let M be a torus manifold and Mi, . . . , Mk pairwise distinct char- 
acteristic submanifolds of M with N = M\C\- ■ -PlMfc ^ 0. Then each Mi intersects 
transversely with |")j=i Mj. Therefore N is a submanifold of M with codim N = 2k 
and dim(A(Mi), . . . , A(M^)) = k. Furthermore, N is the union of some components 

Q f M {X(M 1 ),...,X(M k )) _ 

Proof. We prove the lemma by induction on k. Let k > 1 and x e N. Then we 
have 

fc 

T X M = f]T x Mi®^Vj, 

i=i j 

where the V, are one-dimensional complex (A(Mi), . . . , A(Mfc))-representations. Since 
the Mj have codimension two in M, each A(M,) acts non-trivially on exactly one 

v k . 

If codim p| - =1 T x Mi < 2k, then there are ii and i 2 , such that V} 4 = Vj i2 . There- 
fore 

T x M h = T x M i2 = TxM (HM tl )MM l2 )) 

has codimension two. 

Since (A(Mj 1 ), A(Mj 2 )) has dimension two, it does not act almost effectively on 
M. This is a contradiction. Therefore |"L=i T x Mi has codimension 2fc. By induc- 
tion hypothesis n»=i Mi is a submanifold of codimension 2k — 2 and T x M = 
rWi" T x Mi. Thus, Mfc and Hi^i 1 ^» intersect transversely. Therefore N is a sub- 
manifold of M of codimension 2k. 

If (A(Mi), . . . , A(Mfc)) has dimension smaller than fc then the weights of the Vj 
are linear dependent. Therefore there is (oi, . . . , at) 6 Z fe — {0}, such that 

c = v 1 ai ® •••®V fc afc , 

where C denotes the trivial (A(Mi), . . . , A(Mfc) ^representation. This gives a con- 
tradiction because each A(Mj) acts non-trivially on exactly one V, . 

Because (A(Mi), . . . , A(M fe )) has dimension fc, M< A ( Ml ^--- A < Mfc ^ has dimension 
at most 2n-2fc. But TV is contained in M< A(Ml) ---' A(Mfc ^ and has dimension 2n-2fc. 
Therefore it is the union of some components of M^ Ml ^---' X ^ Mk ^ . □ 
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Lemma B.2. Let M be a torus manifold of dimension 2n and N a component 
of the intersection of k(< n) characteristic submanifolds Mi,...,Mk of M with 
N T ^ 0. Then N is a torus manifold. Moreover, the characteristic submanifolds 
of N are given by the components of intersections of characteristic submanifolds 
Mi ^ Mi, . . . , Mk of M with N , which contain a T -fixed point. 

Proof. Let Mi ^ Mi , . . . , Mk be a characteristic submanifold of M with (Mi n 
N) T ^ 0. Then, by Lemma IB.ll each component of Mj R N which contains a 
T- fixed point has codimension two in N . That means that they are characteristic 
submanifolds of N . 

Now let N\ C N be a characteristic submanifold and x € . Then we have 

T X M = T X N X © V © iV x (iV, M) 

as T-representations with Vb a one dimensional complex T-representation. Let Mi 
be the characteristic submanifold of M, which corresponds to Vb- Then N x is the 
component of the intersection M,; n iV, which contains x. □ 

Lemma B.3. Lef M be a 2n- dimensional torus manifold and T' a subtorus of 
T . If N is a component of M T , which contains a T '-fixed point x, then N is a 
component of the intersection of some characteristic submanifolds of M . 

Proof. By Lemma lB.ll the intersection of the characteristic submanifolds Mi , . . . Mk 
is a union of some components of M^ Ml ^ y "'^ Mh '\ 

Therefore we have to show that there are characteristic submanifolds Mi , . . . , Mk 
of M such that 

T X N = T x (Mi n • • • n M k ) . 
There are n characteristic submanifolds Mi , . . . , M n which intersect transversely in 
x. Therefore we have 

T X M = N X (M U M) © • • • © N x (M n , M). 

We may assume that there is a 1 < k < n such that T' acts trivially on N x (Mi, M) 
for i > k and non-trivially on N x (Mi, M) for i < k. Then we have 

T X N = (T x Mf = N x (M k+ uM) © • ■ • © N x (M n , M) = T x (M x n • ■ • D M k ) . 

□ 

Lemma B.4. Let M be a torus manifold with T n x ^-action, such that Z2 acts 
non-trivially on M . Furthermore, let B C M be a submanifold of codimension one 
on which Z2 acts trivially and N the intersection of characteristic submanifolds 
Mi, . . . , Mk of M . Then B and N intersect transversely. 

Proof. Let x G B n N then we have the (X(Mi), . . . , A(Mfc)) x Z2-representation 
T X M . It decomposes as the sum of the eigenspaces of the non-trivial element of 
Z2. Because B has codimension one the eigenspace to the eigenvalue —1 is one 
dimensional. Because the irreducible non-trivial torus representations are two- 
dimensional, we have 

T X N = ( TxM )<MM 1 ),...,A(MO) = TxM (X(M 1 ),...,X(M k )) y.Z 2 & M) (A(M 1 ),...,A(M,)) 
- TxM WM 1 ),...,A(M fc )>xZ 2 3 Nx (B,M). 

That means that the intersection is transverse. □ 

Lemma B. 5. Let M 2n be a (1*2)1 x ^•■i)i-manifold such that (^2)1 acts non-trivially 
on M. Furthermore, let Bi C M, i — 1,2, be closed connected submanifolds of 
codimension one such that (1*2) i nets trivially on Bi. Then the following statements 
are equivalent: 

(1) Bi,B2 intersect transversely 
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(2) Bi ± B 2 

(3) (Z 2 )i x (Z 2 ) 2 acts effectively on M or B 1 CI B 2 = 

Proof. Denote by the non-trivial real irreducible representation of (Z 2 )i. Let a; £ 
Si ni?2- Then for the (Z 2 )i x (Z 2 ^-representation T^M there are two possibilities: 



t an-2 © Vi © F 2 



In the first case -B^, z = 1,2, is the component of M( Z2 ) lX ( Z2 ) 2 containing a; and 
(Z 2 )i x (Z 2 ) 2 acts non-effectively on M. In the second case (Z 2 )i x (Z 2 ) 2 acts 
effectively on M and B\,B 2 intersect transversely in x. 

All conditions given in the lemma imply that we are in the second case or B\ n 
B 2 = %. Therefore they are equivalent. □ 

Remark B.6. Lemmas IB. II [B~4l also hold if we do not require that a characteristic 
manifold contains a T- fixed point. 
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